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The coupledMaxwell-Dirac electrodynamicsystemis implementedin an analog(continuous-
valued)cellularautomatoroperatingwithin a threedimensionalegularface-centeredubiclattice.
This systemconsistsof a second-ordebirac wave equationfor the electron(i.e., the minimally-
coupledKlein-Gordonequationwith spin, operatingon two comple statevariables) coupledwith
electromagnetipotential eld versionsof Maxwell's equationsn the Lorenz gauge. Both Dirac
andMaxwell's equationsarestandardsecond-ordewave equationswith someadditionalterms.An
analogcellularautomatorproducesuchwave equationsasoneof the simplestpossiblemodelsthat
exhibits ary physically interestingoehaior. Furthermoreit avoidsstandardbjectionsby achiezing
rotationallysymmetricpropagtion at cellularscaleghroughthe useof a 26 neighborupdateequa-
tion for the laplacian.To achieve numericalstability, parity mustbe broken, which may provide an
explanationfor propertiesof theweakforce. The behaior of anelectrontrappedby a x edpositive
chageis simulated providing a modelof the hydrogenatomsystem.Overall, this framevork may
provide anappealingnechanistianodelof electrodynamics.

[. INTRODUCTION

This papermresentananalog(continuous-alued)cellularautomator(CA) model[1, 2] of the coupled
Maxwell and Dirac equationsasin the neoclassicabr semiclassicahpproacho quantumelectrodynam-
ics [3-9]. Neoclassicatjuantumelectrodynamicsisesthe Schibdingeror Dirac equationfor an electron,
self-coupledvith Maxwell's electromagneticeld equationsasanalternatve to standardjuantumelectro-
dynamics(QED). The self-couplingof the electronwith its own electromagneticeld resultsin nonlinear
interactionghat, while dif cult to analyzeappeato give riseto the phenomenaescribedn termsof vir-
tual particle dynamicsin standardQED. The presentsystemconsistsof the second-ordebirac equation
(i.e., the minimally-coupledKlein-Gordonequationwith spin, operatingon two comple< eld variables),
coupledwith Maxwell's equationdor electromagnetipotentialsin the Lorenzgauge.

Theprimaryresultof this papetis to shav thattheneoclassicgbictureemegesnaturallyfrom anattempt
to constructhe simplestpossibleCA modelthatis consistentvith known electrodynamicsBoth the Dirac
and Maxwell equationsn this systemare standardsecond-ordewave equationswith additionalterms.
The second-ordewave equationcanbe seenasone of the simplestpossibleanalogCA modelsthatdoes
arything interestingat all. Thus,this modelrepresents very simple,computationallyexplicit frameavork
for quantumelectrodynamics.

CA modelshave beendismissedn the pastbecauseof their lack of rotationalsymmetrycausedby
the underlyingcubic lattice. The presentmodeldoesnot suffer from this problem. Speci cally, by using
continuous-aluedstatevariablesin a regular cubic lattice with a full 26 neighborstencil,interactingvia
second-ordewave equations rotationalasymmetryin propagtion is almostcompletelyeliminated. It
is only presentat small levels in extremely high frequeng waves (i.e., closeto grid scale). Given that
the lattice cubesare at the Plancklength scale(1:6162%10 33cm), sucheffects would almostcertainly
be unobserable in any real experiment. In contrast,previous quantumCA modelshave usedsmaller
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Figurel: Face-centeredubictiling of spaceshaving centersof cellsasnodeswith all 26 neighborsof a givencell
shavn. Thisis the neighborhoodver which cellsinteract. The squareddistancef the neighborgshovn) weight
their contributions.

neighborhoodstencilsand rst-order equations,which typically do not producerotationally symmetric
propagtionatary scale.

To demonstratés basicpropertiesthe CA systemwassimulatedon asmallscale whereit canproduce
astablehydrogenatommodelin termsof anelectronchage distribution tappedby a x ed centralpositive
chage representinghe nucleus.To make the systemnumericallystable,parity mustbe brokenin the or-
deringof wave variableupdatesThis parity breakingis intriguing giventhe similar kind of parity breaking
presenin theweakforce.

The paperis organizedas follows. First, the analogCA framework is developed,shaving how the
standardsecond-ordewave equationemepgesasoneof the simplestpossiblesetof updateequationghat
doarythinginterestingatall. Then,the Maxwell andDirac equationsaredevelopedwithin this framework.
Thehydrogenatommodelis thendescribedfollowedby a discussiorof variousunresoledissues.

.  CONTINUOUS CA FRAMEW ORK AND THE WAVE EQUATION

CA modelsareappealingoecauseghey represenairguablythe simplestway of implementingphysical
processesspaces canedinto alattice of identicalsmallcubeg(cells),eachcell containsoneor morestate
variables,and physics emegesthroughthe local interactionsbetweenthesecells (Figure 1). A number
of differentCA modelsof variousphysicalandotherphenomenave beendeveloped,andtheir potential
virtues as physical modelsdiscussed1, 2, 10-14]. Most of theseCA modelsinvolve discrete(binary)
statevariables(i.e., a digital CA), and despiteall the promisingefforts, nobodyhasyet comeup with a
binary-stateCA systemthat producesomethindik e quantumelectrodynamicsHowever, by introducing
continuous-alued statevariables(i.e., an analog CA), several researchertiave beenable to modelthe
evolution of fundamentatjuantumwave functions[1, 2]. Thepresenmodelalsoadoptscontinuous-alued
statevariables.

Theintroductionof continuous-aluedstatesvould seenmto beasigni cant departurdrom theminimal-
ist philosoply thatmotivatesheuseof CA modelsin the rst place.Fromatheperspectie of implementing
thesystenonadigital computerasinglebinarystateis the simplestmostfundamentaéntity, andcontinu-
ousvaluesareonly availablein approximatdorm via oating pointnumberswhicharecomposeaf binary
states.However, the notion of the universeasa digital computemmight not be the bestmodel: perhapst
is insteada kind of analogcomputerwherecontinuous-aluedanalogstatesarea primitive of the system,
insteadof discretestates7-urthermorethereis anothercomponenbf the overall simplicity of the system
thatis often ignored: the simplicity of the CA updateequations. In virtually all binary-stateCA's, the
updateequationsieedto be asymmetrichon-monotonicandoverall quite comple to achieve interesting
behaiors. In contrastwith continuous-aluedstatevariablest is possibleto have very interestingphysical
behaior emege by computinga simple averageof the local neighborhoodtatevalues. Thus,onemight
plausiblyamguethatthe functionalsimplicity of analogCA's outweighsary perceved costassociateavith
introducingcontinuous-aluedstates Furthermoregontinuous-aluedstatesarecritical for eliminatingthe
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rotationalasymmetryproblem,asmentionecearlier In ary casethebottomline is thatwe canproducean
accuratesimulationof quantumelectrodynamicsisingananalogCA, asdescribedelow.

To develop the analogCA model, it is instructive to enumeratea sequencef CA updateequations,
startingwith the simplestpossiblecase andworking toward onethat exhibits somepotentiallyinteresting
physicalbehaior. Ourstartingpointis to setthenew stateof eachcell equalto theaverageof theneighbors
states,which is arguably one of the simplestpossibleneighborhoodnteractionsin a continuous-alued
system:

X

R S 1)
| 26] 2N j :
Eachcell's stateis representedy s!, indexed spatially by subscripti = (x;;Vi;z) andtemporallyby
superscript, andtheneighborhoodN indicateghe26 adjacenteighborof eachcell, asshovnin Figurel.
This systemdoesnot produceary interestingphysicalbehaior: it justcorvergesto anequilibriumaverage
state. A reasonablaext stepin compleity would be to operateon the differencebetweenthe neighbor
averagevalueandthe currentstatevalue,sothatthe systenis drivenby the “tension” or “stress”acrosshe
states:

st st (2)
j2N

This produceghe oppositebehaior: divergenceto in nity for any non-uniforminitial startingstate.Using
this differencetermasanupdateincremento the existing statevalueis the sameasequationl.

As anext stepupin compleity, arateof changeof the states (i.e.,avelocity) canbeintroducedwhich
canbesetto the neighborhoodlifferenceterm:

sttt = s+ (g(NY)  s); 3)

with the overall statevariableupdatedaccordingly:

(7))

sTEsitg @
At this point, we crossa critical threshold andthe systemproducegphysically interestingwave dynamics.
Indeed thisis essentiallythe standardgecond-ordewave equationmodulopropemeighborhoodveighting
termsasshowvn below.

Onecanconcludefrom this exercisethatthe second-ordewave equationis arguablyoneof the simplest
possiblecontinuous-aluedCA updateequationghatdoesanything physically interesting.We shawv below
thatall of electrodynamicsanbe built out of elaboration®f this onefundamentalnteraction.This seems
like a compellingargumentin favor of theideathatthis kind of analogCA modelprovidesa particularly
simple,elegantway of modelingfundamentaphysics.

A. Formalization of the 26-NeighborDiscrete Laplacian Approximation

In continuousspace-timeoordinatesthe wave equationis typically expressedn termsof thelaplacian

2= G+ &t &

% = ¢r %s; (5)
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wherec is the speedof light, whichis 1 in the Planckscaleunitsthatarethe naturalunitsfor this system.
In [15], we shaw thatthe laplaciancanbe accuratelyapproximatedy usinga stencilthatincludesall 26
neighbors:
2 2 3 X
resi r5S — ki(sj si); (6)
13,
J2N 26

wherek; is afactorthatweightsthe differentneighborsdifferentially accordingto their distancefrom the
centralcell:

G = 5 ™
andd is the Euclideardistanceo the neighboy :
faces:kj = 1
edges:Kj = %
corners:kj = %: (8)

In thediscretespace-timef our CA model,thisimpliesthefollowing updateequationsusings to represent
the secondemporalderivative of the statevalue:

3 X
SsTECriksi= A k(s s ©)
j 2N 26
sTEsr s (10)
sT=s g (11)

Asweshaw in [15], thisapproximatiorexhibits avery high degreeof spatialsymmetry suchthatwaves
propagte outward from a given point in all directionsat the samespeed,with the samemagnitude etc.
Only at the highestfrequenciesat the scaleof the underlyinggrid, aretheremeasurableleviationsfrom
symmetry andtheseremainsmall. This high degreeof symmetryis dueto the useof all 26 neighborsn
the computation Furthermoreit depend<ritically onthe second-ordenatureof thewave equation.Other

rst-order versionsof wave equationgio not exhibit suchnaturalsymmetryin threedimensiong1].

. MAXWELL 'S EQUATIONS IN POTENTIAL FORM IN THE LORENZ GAUGE

It is well known (e.g.,[16]) thatMaxwell's equationsanbe expressedn termsof standardvave equa-
tionsoperatingon the scalarpotentialA g andthevectorpotentialX = (Ax; Ay; Az):

@é;() = ¢’r 2Ag+ %; (12)
% = cr 2R+ oT; (13)

where is the chage densityand J is the chage currentdensity In our analogCA model, Maxwell's
equationscanthereforebe representetby four updateequationspnefor eachvariable,all of the form of
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the standardwave equationplus an additional“source” driving term (chage or current). For the scalar
potential,we have:

1
Roi " = G 20l + - t. (14)

For thevectorpotential therearethreeequation®f this form, onefor eachof thethreedimensiongx; y; z)

of thevector For exampletheequationdor thex dimensionare:

t+1
Ry = 2 3Ad+ odL: (15)

The measurablelectric(E) andmagnetic(B) vector elds canbe computedrom thesepotentialsas
follows:

@x
E= fAo @; (16)
B=r A a7)
Theseenterinto the couplingwith theelectronchage eld asdescribedater.
Thesimplewave form of Maxwell's equationsequiresthatthe Lorenzconditionbe satis ed:

@\O Cz~
— = A 18
@ (18)

Nothingis explicitly donein the systemto enforcethis condition, but the simulationresultsreportedater
shaw thatthe systemautomaticallysatis esit to anerrorlevel of around1x10 4, with theerrorcontinuing
to drop over time. Furthermorethis Lorenzerror appeardo be a function of the scaleof frequenciesf
wavesin thesystenrelative to thegrid scale:atrealisticfrequenciesnary ordersof magnituddargerthan
thegrid scale this errorwould beentirely nggligible.

In short,in this model, the electromagneticeld is a wave eld propa@ting over four statevariables
throughspacewith thelocal chage andcurrentstatevalues(to be de ned next) providing a driving force.
The simplicity and eleganceof this model are compelling, especiallyin light of the ideathat the wave
functionis oneof the simplestpossibleCA functionsthat doesarything physically useful. It shouldalso
be notedthat theseequationsare manifestlycovariant, and thus embodyall of the relevant propertiesof
specialrelatiity. Thus,avery large swathof fundamentaphysicscanbeaccountedor usingavery simple
framawork.

IV. THE SECOND-ORDERDIRAC EQUATION FOR AN ELECTRON

To modelthe electron,we usethe second-ordewersionof the Dirac equation[17, 18]. In standard
guantuntheory the rst-order Dirac equationcanbe usedto describehe evolution of the quantumproba-
bility densityfunctionfor anelectron,evenatrelatiistic enegies(unlike the nonrelatvistic Schivdingers
equation). The second-ordeversionusestwo comple statevariablesinsteadof the four neededor the

rst-order version,but otherwisedescribeghe sameunderlyingphysics (in effect, the rst derivativesin
the secondorderequatiornrepresenainindependentiegreeof freedomthatis otherwiserepresentethy the
additionalstatevariablesin the rst-order version).lIt is well known thatthe Dirac equationhassomepuz-
zling characteristicin the standardorobabilisticframenork of quantumphysics. For example,it produces
both positive and negative “probability” values. The negative “probability” valuesareinterpretedasthe
probabilitiesof the electronantiparticle,the positron. An alternatve interpretationthat was pursuedini-
tially by Schiddingerin 1926,andhasbeenpursuedmorerecentlyin neoclassicatelf-coupledeld theory
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[3-9], is thatthe Dirac equationdescribes consered eld of chagevalue,with the electronandpositron
having oppositechages.Thisinterpretatioris alsoadoptedvithoutmuchfurthercommentin somemodern
textbooks[19-21].

It is instructive to progressiely derive the second-ordebDirac equationfrom the simplerKlein-Gordon
(KG) equation[22—24],which s in turn a simple extensionof the standardvave equation.The following
derivation,exceptfor the nal stepof thesecond-ordebirac equationjs basedn[19, 20]. In thestandard
wave equationwavesalwayspropagteat the samespeed(c), which is appropriatdor electromagnetism,
but not for massie particles. The KG equationaddsonesimplemasstermthatallows wavesto travel ata
rangeof differentspeeds:

: 202
%:c2 r? mf_)z " (19)

wherewe use' to referto ascalarchage- eld statevariable,andmg is therestmassof the electron.The
speef wave propagition depend®n therelationshipbetweerthe overall “curvature” of thewave (r ')
andthe squared-masgaluemg’ . Intuitively, the massslows the wave propagtion force representedy
r 2' . Thereforefor thewave to move fasterahigherfrequeng wave (with largerr 2' values)is required.
'hl'hus,this equationcaptureghe fundamentamomentum-frequercrelationshipof quantumtheory: p =
a2f .

’ More formally, the KG equationcanbe derivedfrom therelativistic enegy-momentunequation show-
ing thatthe KG equationdescribeshe propa@tionof a“particle” (asa wave of chage)thatobeys conser
vationof enegy, andspecialrelatvity (andNewtonianmechanicsn thelimit of slow velocitiesrelative to
the speeddf light). Therelatvistic Hamiltonian(total enegy) of the systemjs:

E? = p2C + (moc)?; (20)

which canbeturnedinto a wave equationthroughthefollowing standardperatorde nitions for enegy E
andmomentunp:

E = i~%; (21)
p= i~ (22)
wheref™ = @@;g;@@ . Substitutingthe above operatorde nitions in placeof the E andp terms,we
recoverthebasicKG equation:
@ mgc®
@ ¢ rz O (23)

In short,this simpleequationcaptureghe majordynamicalpropertiesof particlemotion. Thefactthatit is
sucha simplemodi cation to the standardvave equationwhich again is oneof the simplestpossibleCA
equationsprovidesa compellinglysimplephysical picture.

A. Chargeand Complex Fields

The scalarKG equationdoesnot producea consered chage value. However, the samebasicequation
operatingopnacomple eld variable( ="' 4+ i' ) does:
@ o, . m
@? - 2

(24)
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Figure2: Computationof the spatialgradientusingall 18 neighborsthat have a non-zeroprojectionalonga given
axis (in this case looking at the x axis). Thetwo facepoints(+; alongthe axis) have a full projectionalongthe
axis,andthusenterwith a weightof 1. The 8 edgepointseachhave a pl—i projectionof their overall distancealong

theaxis,andthuscontritute with thatoverall weighting. Similarly, the 8 cornershave a p% projectionweighting. In
computingthe weightedaverage the sumof all neighbordifferencess divided by the sumof theweightingterms.

Becausdlifferentiationoperatesndependentlyon the two scalarvariablesin a complex number this is
equialentto two parallelscalarKG equations:

@ a 2 2 mgcz .

@ =cr — a (25)
! 2
%=c2r2 mec (26)

Thesescalarforms of the complex equationgprovide the underlyingcomputationamechanism$or the CA
model.
The consered chage value is computedoy multiplying the complex KG equationby the comple
conjucate:
i~e @ @
— —-— 27
2m002 @ @ ( )
which reducego thefollowing locally-computableCA-level equationin termsof thetwo scalar eld com-
ponents:

~e 1 1 1 1
i = mocz( bi'ai ai bi) (28)
This equationmalkesit clearthatthe chage valuerepresents couplingacrosghetwo otherwiseindepen-
dentvariableswhichis why asinglescalarequationis insufcient.

Thecurrentchage densityis:

i~e
J= —— r r 29
mg f (29)
whichreducedo:
~e \ , , ,
J= mocz( al'b b a) (30)
To computethis in the CA model, we needa discreteapproximationof the vector gradientoperator
= @@;@@;g . This can be derived using the sameapproachas the 26-neighboraplacian([15],
Figure?2), usingall 18 neighborg9 vectors)thathave a non-zergprojectionalongthe axisin question:
@ 1 X
k(e "j) (31)

@ @2+ &+ E)

37 2N



8 Analog Cellular AutomatonModel of Electrodynamics
WheretheneighborhoodN g containgpairsof pointsj + andj thatareoppositeendsof the9 raysthrough
thecentralpoint, andthe distanceweightingfactorsk; are:

faces: kj = 1
edges:kj =

wTH MTH

corners:Kj = (32)

With theseequationsijt is now possiblefor the complex KG equation,implementedn a purely local
analogCA model,to producethe chage andcurrentvaluesthat sene assourcego Maxwell's equations,
completingonehalf of the coupling. Next, the KG equatiormustbe extendedto includecouplingwith the
electromagneticelds.

B. Minimal Coupling

Theelectromagneticeld interactionwith the electroncanbe derived throughthe principle of minimal
couplingwherethe potentialentersasanadditive termto the rst-order derivativesof thesystem(equivalent
to thepreserationof local gaugeinvariance) Because¢he KG equatioris second-ordetheequationsieed
to bere-derived usingthe gauge covariant derivativeoperatorgin four-vectornotation):

@' @ -A
c
@' @ A; (33)
In four-vectornotationthe basiccomplex KG equationis:
m3c?
e@ = —%-;
sotheminimally-coupledversionis:
2
i~@ gA = m2c: (34)
With the spatialandtemporaltermsseparatedut, this assumeshe form of a standardvave equation:
@ m3c? Je . @ e?
@zczrz o TAO@J“CAF + = Aj A% (35)

Thisis thebasiccomplex KG wave equation plussomeextratermsthatinvolve theinteractionbetweerthe
chagewave andthe electromagneticeld potentialsA andA.

At this point, we have a completelycoupledsystemof chage and electromagneticelds, all driven
fundamentallyby the sameunderlyingCA wave equation plus extra terms. The only thing missingfrom
this pictureis spin, whichis whatthe Dirac equationadds.

C. Spinandthe Second-OrderDirac Equation

The second-ordebirac equation[17, 18] operaten two comples eld variables,for atotal of four
independentiegreesof freedom.We denotethis eld as:

"1at 1 1
' o 36
2at ' 2p (36)
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Theequations anextensionof the comple« minimally-coupledKG equation:

2

i~@ EA + -~ B+IiE = mic® ; (37)

ol

wherethe couplingnow involvestheelectromagnetigectorsE andB, mediatedhroughthe standardPauli
matricies~ thatdescribehe electrons spin:

_ o1 . 0 i . 10
T 10 i0 o0 1 (38)
The resulting CA-style updateequationsfor the second-ordederivatives of eachof the four chage
variableg(cell andtime indiciesomittedfor simplicity) are:

m2c? 2e e?
'qa = & I 5 1a %' tla t— Ao ptCA Flyp + 5" 1a A§ A? 4
e(' 1aBz " 1wEzt+ " 2a(Bx*+ Ey) " (Ex By)) (39)
m2c? 2e N e?
'ap = & I 5w — A 1atCA Flia + ' A§ A%+
e(" 1Bz + " 1aEz+ ' (Bx + Ey) + ' 2a(Ex By)) (40)
m2c? 2e e?
‘o = C r%el 2a —.(,)2 ' 2a + — Ao ont CA ' 2 +j' 2a A% A% +
e( '2aBz+ " 2Ez+ " 1a(Bx Ey) ' 1w(Ex+ By)) (41)
m2c? 2e e?
'ob = IS —5 b — 2a Ao'za* CA M2a + ' Af A% +
e( "Bz "2aEz+ " 1w(Bx Ey)+ ' 1a(Ex + By)) (42)

Notethatthe top line of eachequationis equivalentto the minimally-coupledcomplex KG equation,and
the secondine containsthe additionaltermsthat producespin, asrepresentedh the second-ordebDirac
equation.

Thechageandcurrentequationsaresomeavhatmorecomple thanthosefor the complex KG equation:

~e 1 1] 1 1] 1 1 1 1

= ol ((1b1a "12°a)+ (20 2a 23" 2p))
iAo(' 12+ Pt 2t ) (43)
moC2

and:
~e 1 —~ 1 1 i | 1 o~ 1 1 o~ 1
J= — (1M 1 "l 1a)+ (C2al 26 " o2bf 2a)
¢ AC 122+ 12+ 222+ ' 2D) (44)
I’T'IQC2

At this pointwe have thefull coupledsecond-ordeDirac equatiorandMaxwell's equationsin theform
of local, deterministiccontinuous-aluedCA equation®peratingon four scalarEM statevariablesA g, A)
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andfour scalarDirac statevariables{ = ;a I : ;z ). Fromthese8 primary statevariablesall of the
a
othertermsthatappeain theequationge.g.,E, B, , J) arecomputed.Speci cally, in the computational
implementationthe four Maxwell updateequationsfor Ag andA (equationsl4, 15) arecomputedbased
onthecurrentvaluesof andJ, andthe second-ordeDirac updateequationdor the Dirac wave eld
(39-42) arecomputedbasedon the currentvaluesof Ay andA. All of theseupdatedvaluesthenbecome
thenew currentvalues,andthe processepeatsThus,thereis effectively a simultaneougarallelupdateof
all statevariablesateachpointin time.

AlthoughtheDirac equationshave becomesomeavhatmorecomple thantheoriginal KG equationijt is
importantto appreciatehatall theconstantdhiave avalueof 1 in thenaturalunitsatthe Planckscale sothat
makesthem somavhat simplet Furthermorenoneof the actualcomputationsnvolved is more comple
thanthebasiclaplacianandmuchof it is localto agivencell, sotheoverall compleity of thesystemis not
high. Arguably thisis the simplestautonomougomputationakystemthatcanproducethe known physics
of electrodynamics.

D. Numerical Issuesand Symmetry Breaking

If thesecond-ordebirac updateequationg39—42) aredirectlyimplementedthesystenis numerically
unstablegvenwith a x ed electromagneticeld. The sourceof this instability (which is presentevenin
the simpler coupledcomplex KG equation),is the coupling betweenthe two elementsof the complex
variablethat occursin the updateequations.Speci cally, the updateof ' ; dependn’' , andvice-versa.
This interdependencrepresents rotationthroughthe' 5 and'  variablesdriven by the electromagnetic
potentials. To the extent that the potentialsare pushingthe ' 4 variableup, thereshouldbe an opposite
pushingof the'  variabledown, causingtherotation. However, if the' ,, variableonly hasthe “old” data
from the previoustime stepabouthow much' 5 got pushedup,thenit doesnt compensateorrectlyin how
muchit getspusheddown. This makesthe systermon-conserative andunstable.

Onesimplesolutionto this problemis to breakthe symmetrybetween 5 and' , in theseupdateequa-
tions. Insteadof updatingeachof themat the sametime, basedon the prior valuesof the other we choose
onevariable(' a, arbitrarily) andupdateits values rst. Then,whenwe compute' ,, we usethe current
valueof' ; in theupdateequationfor ' . Thisrestoresiumericalstability to the system.

Interestingly the needto breakthe symmetrybetweerthesevariablests atleastqualitatively with the
parity violation associatedvith the weakforce, which is an otherwisesurprisingandapparentlyarbitrary
aspecbf nature. The presenimpositionof a preferreddirectionof rotationin thesevariablesrequiredto
malke the systemnumericallystable could potentiallyprovide a principledmotivationfor sucha symmetry
breaking.Furtherwork needgo be doneto explorethisintriguing possibility.

E. Edges

In nite-sized computationakimulationsof this systemgdgegposea signi cant problem(it is assumed
thattheactualsystemis likely in nite in spatialandtemporalextent). Becausehe Dirac eld mustremain
consenrative, theonly practicalsolutionis to wraptheedgesaroundon theupperandlower boundsmaking
atoroidal-shapedystem.However, if thisis donewith the electromagneticeld variablesthe potentials
constanthincreaseén magnitudeovertime becausehereis no spatialdissipationwhichis acritical feature
of theEM eld thatproducests 1=r characteristi¢25]. Thereforewe usedampingSommer eldboundary
conditionsattheedgegindexedby e insteadof i):

t+1
Age = Cr 36A0s (45)
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(i.e.,the rst derwative is setto the usualsecondderwvative value,producingthe dampingeffect described
earlierfor thesimplesteighborhoodveragingCA model). Thisdampingpartially simulateghedissipation
of theEM eld throughspacehatwould otherwiseoccurin anin nitely large system.To moreaccurately
simulatethe 1=r dissipationa decaytermis usedwhenintegratingthe potentialvalues(again, only at the
edges):

1
Aokl = (1 )AoL+ Agg (46)

where = :02wasempirically derivedto moreaccuratelysimulatea the 1=r dissipationof theEM eld
thatwould occurin anin nite CA space.

V. A SIMULATED HYDROGEN ATOM

An importantfeatureof the CA framework is thatary physicalphenomenoof interestcanbesimulated
directly, just by establishingappropriatenitial conditionsandthen observingthe evolution of the wave
functionsover time. Thereis no needto establishdifferentanalyticalframenorks for differentproblems.
Thedisadwantagés thatprecisequantitatve resultscanonly be obtainedhroughlengthy numericalsimula-
tions,andestablishinga generapatternof behaior requireamultiple simulationsundervaryingconditions.
Thus,simulationandanalyticalapproachearecomplimentaryandmutuallyinformative. Becauseheself-
coupledsystemin questionhereis very dif cult to analyze[3-9)], the simulationapproachs of potential
value.

Figure 3 shows the wave statecon guration and dynamicsof simulatedhydrogenatommodel. The
CA “universe” consistedof 198200x200 cells,with ¢ = :5;mg = e = ~ = 1. In reality, mg for an
electronis roughly 4:18x10 23 in the naturalPlanckunits of the system,andthe diameterof a hydrogen
atomis 6:19x10?* cellswide. Thus,to t within thelimits of the available computationaresourcega 28
nodebeanulf cluster),the simulatedhydrogenatomhadto be scaleddown by a factorof roughly 1=1023,
and the rest massscaledup to compensate.This scalingintroducessigni cant differencesin behaior
relative to what would be expectedfor the real system,becausehe wavelengthsof the systemare only
a small multiple of the underlyingcell size. One consequencef this is that the laplaciancalculation,
which propa@teswavesacrossall 26 of a cell's neighborswill resultin a bleedingeffect for structures
thathave signi cant curvaturein multiple dimensionsatthe grid scale.Whenthewavesspanover asmary
cells asthosein the realistically-sizedsystem,the laplacianapproximationis essentiallyperfect,andno
suchbleedingeffectswould be evident. Thus,this extremelyscaled-dan modelis likely to be somevhat
inaccurateput it neverthelesglemonstratesomeinterestingbehaior. Present-dagupercomputersould
be usedto evaluatethe scalingbehaior acrossa coupleof ordersof magnitudeto producemoreaccurate
results.

The nucleusof this simulatedatomwas constructedy placinga x ed sphericalGaussian-distrilted
blob of positive chage in the middle of the system. It is assumedhat the strongforce keepsthis chage
distribution relatively localizedand stableover time. The four Dirac electronchage eld variableswere
initialized in a patternbasedon the statethat emegedaftera moving electronwave paclet with negative
chage was capturedby this positive nucleuschage. The Dirac chage wavesrotateandoscillatearound
thecentralnucleusasshovn in Figure3. Seethe Appendixfor detailedparametersAlthoughsomeof the
chagewavesdo escapdrom theinitial con guration,the systenremainsstableup throughatleast20,000
time stepgwhichtook nearlyaweekof computettime to simulate) in thesensehatthesamecon guration
of rotationandoscillationpersists.This shovs thatthe systemdoesnot exhibit the collapseassociateavith
the classicalatomicmodel. Furthermore pther experimentsreveal that the wave dynamicsclearly settle
into stateswith integral wavelengthsaroundthe circumferenceof the nucleus,as predictedby quantum
mechanicsMoviesareavailableat http://psych.colorado.edu/ oreilly/realt.html
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a)t=1 b) t=7

c)t=14 d) t=21

Figure 3: Four time stepsfrom a simulationof a hydrogenatom, producedby placing an electronchage wave
arounda x ed positive central chage distribution representinghe nucleus. For eachimage, the top-left panel
shavs the' 1, dirac chage wave eld, thetop-rightis ' ,5, bottom-leftis the chage density (asgeneratedy
the dirac waves only), and bottom-rightis the scalarelectromagnetipotentialAg. For each,oneslice througha
200 sizeduniverse(with edgeswrappingaround)is plotted, with valuescodedby heightand color (red = posi-
tive, blue = negative, zero= transparengrey). Thedirac eld variablesrotate(' 14, ' 1p) andoscillate(' 24, ' 2b)
aroundthe central positive chage distribution. The resultingchage is centrally distributed. This patternre-
mainsstableinde nitely, althoughsomeof the dirac wave value leaksout over time (but averagenet chage re-
mainsstable,while oscillatingover shortertime periods). Movies, andthe full simulationsoftware,areavailableat
http://psych.colorado.edu/"oreilly/realt.html

Figuredashaws thatthe overall chage valueof the systemis consered over a longertime frame, but
it exhibits a strongoscillatory pattern. Figure 4b shows that the differencebetweenthe Lorenz condition
andthe actualstateof the system(the Lorenz error) decreasesver time. In both casesthe magnitude
of the chage oscillationsandthe Lorenzerror area function of the frequeng of the underlyingwavesin
the system. Whena higherfrequeng atomiccon guration was simulated(i.e., a nucleuswith a smaller
Gaussiarwidth), the Lorenz error was higher andthe chage oscillationswere larger in magnitudeand
higherin frequeng. Thus,theseeffectsshouldbe negligible in the systemat realisticscaleg(i.e., roughly
10?2 timeslarger).

With respecto the conseration of chage, the following obsenationscanbe made. First, if thereis
no electromagnetipotentialat all (or a spatially uniform one),chage is strictly consered by the Dirac
equationsat every time step. With a x ed electromagnetipotentialthat changesver space chage os-
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Figure4: Aggregate behaior of the systemover time in the hydrogenatommodel. a) Total chage in the Dirac
electronwaves. Althoughit oscillatesthe overall quantityremainsgoughly constanbvertime. If theelectromagnetic
potentialis heldconstanbvertime, thechagestill oscillateshbut thelongtermaverages strictly x ed;In thecoupled
caseprecisedampingatthe edgeds requiredto dissipateheelectromagnetield to maintainconstanpotentialand
chage. b) Proportionabsolutemaximumdifference(error) betweerthe Lorenzcondition(% = ¢ A)andthe
actualstateof the electromagneticeld.

cillatesasin Figure4a, but the long time averageis strictly consered. The computedamountof chage
dependon wherethe bulk of the Dirac wavesarerelative to the spatially-\arying potentialvalues,so as
Diracwavesmove around thetotal chagevaries,but ultimatelythe Dirac wave valuesthemselesarefully
consered, sonothingis ever really lost or gained. Whenthe electromagnetipotentialis dynamicallyup-
datedaccordingo Maxwell's equationsit is possiblefor the overall potentialto changeovertime, resulting
in anapparenthangen overall chage valueover time. Thus,it is importantto usethe Sommer eldedge
equationgvith theextradampingtermto simulatethe 1=r dissipatiorof the eld throughspacefo maintain
aconstanbverall chagevalue.

VI. DISCUSSION

In summarythis papershows thata completelycoupledDirac-Maxwell systemcanbe modeledusing
second-ordewave equationgplus additionalterms)in ananalogcellularautomatonwheresuchsecond-
orderwave dynamicsemege from oneof the simplestpossibleupdateequationghatdo arnything interest-
ing. This systemcansimulatehow the electronwave function behaesin a hydrogenatom: the resulting
systemappearstableover time, despitebeingsimulatedon an extremelysmall scalewheredistortionsin
the laplacianapproximationareevident. Sufciently largerscalemodelscould be simulatedon a modern
supercomputeio enablethe generatiorof relatively precisepredictionsaboutthe behaior of thesimulated
hydrogenmodel,which couldthenbe comparedvith knowvn obsenations(e.g.,the Lambshift, etc).

The presentesultsmay provide someadditionalmotivation,andmeansfor further explorationsof the
neoclassicatlectrodynamienodel. However, this modelfacesa numberof importantchallengeswhich
we brie y discussn theremainingsubsections.
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A. Accounting for Particle-Lik e Effects

In this model,the electronis purely a wave phenomenonhow canthis bereconciledwith the particle-
like effectsthat requirea wave-particleduality in standardquantumtheory? The analogCA framework
stronglyexcludesary kind of point-like particle(e.g.,a discretestatevariablethatis active in only onecell
atatime, andpropagtesto neighboringcells over time). Attemptsto develop sucha modelhave clearly
shawvn that all mannerof motion asymmetriesand other complications(e.g., representinghe particle's
momentum)arise. In contrastthe purewave modelis very elegant, simple,andappealingandnaturally
avoidsrotationalasymmetrieshroughthe useof continuous-aluespropagtingsmoothlyvia second-order
dynamics.Therefore we arestronglymotivatedto considemwaysin which particle-like effectscanemepe
from within a purelywave-basedramework.

Onespeci ¢ challengds to considemwhy the electronchagewould comein speci ¢ discreteunits?In
our CA model,it is easyto createelectronwaveswith ary aggrgateamountof chage. The Pauli exclusion
principle raisesotherissues:whatdistinguisheoneelectronfrom anothey suchthatthe wavesmakingup
oneavoid mingling with thoseof another?Theseandmary otherconundrumgouldpotentiallyberesohed
if the electronwavesexhibited emepgentlocalization The analysisof Radford[8] shaws thatthe Dirac-
Maxwell systemexhibits an exponentialdecayin the Dirac variables suchthatthey becomdocalizedand
particle-like. Although this behaior wasnot obsered in the presentCA model, this is likely becauset
requiresa largerscalesimulationthanwas possibleat the presentime. Anotherpossiblemechanisnfor
emepgentlocalizationis gravitation— Finsterandcolleague$7] have analyzedheDirac-Maxwell-Einstein
systemandfoundlocalization-like effects. Gravitation canalsobeincludedin thepresensystenin anatural
way, wherethegravitational eld propagitesasawave drivenby localenepy, andit dynamicallymodulates
the couplingconstantsandrate of wave propagtionin the Maxwell andDirac elds [26]. This modelof
gravitation is consistentwith at leastthe Schwarzchild metric of generalrelatvity, andit exhibits stable
Planck-scalédlack hole dynamics[26]. Thus, future simulationswith gravitation includedin the present
modelwill explorethis possibility.

Assumingthat someform of localizationemepes,thenthe Pauli exclusioneffectscould simply result
from the naturaltendeng of like chagesto repeleachother In otherwords,onceseparate@ndlocalized,
theelectric eld interactionswill naturallymaintainsuchaseparationAs to theorigin of thepreciseelectric
chage: this couldbe anemegentphenomenomswell (i.e., only a speci ¢ amountof chagewill produce
a stableparticle-like distribution). Considerabldurther simulationwork on larger scalemodelscould help
addresshesemportantquestions.

This approachto understandingparticle-like effects from within a purely wave-basedsystemis sim-
ilar in mary waysto the decoherence/einselectiorigentialinterpretationof quantumphysics[27, 28].
Speci cally, whenrealistic, comple systemsare consideredthe wave functionsexperiencemary forces
thatcauseghemto decoherén waysthatwe measuresparticle-like effects. For freeparticles the effectsof
electromagnetiforce elds may producelocalization-like effects,asdescribedabore. For boundparticles
(e.g.,in atoms),the enepy stateis strongly constrainedandis what emegesasthe moststablemeasur
ablepropertyof thesystem.In otherwords,theenvironmentconstrainghe otherwisefree- owing wavesto
shapéheresultsof measurementsn reality, thereareonly thewaves,but theiremepgentdynamicsproduce
particle-like effects.

B. Beyond Electrons

How mightthis CA modelframevork accounfor awider rangeof phenomen®&eyondbasicelectrody-
namics?First, oneresultfrom neoclassicatheoryis thata substantiaportion of the electrons measured
masscomesfrom its electromagnetiself-enegy (e.g.,[6]). Thus,onewould expectDirac wavesthatdo
not have chage (which canoccurfor speci ¢ phaserelationshipsamongthe four statevariables)would
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have considerablyessmass.This mayprovide anappealingnodelfor the neutrino.Furthermoretheother
membersf the electronfamily (muonandtau) could have moreenegetic electromagnetidynamics and
thusa largeramountof self-enegy, producingtheir larger obsened massesThus,thereis at leastthe po-
tentialfor aneleggantway of understandingll of the membersf the leptonfamily. Furthermoretheweak
forcemay emege naturallyfrom nonlinearinteractiondn this systemandthe parity breakingrequiredfor
numericalstability could provide anexplanationfor this otherwisepuzzlingaspecbf nature.

Accountingfor thefermionswould clearly requireintroducinga new force eld to accountfor features
of thestrongforce. Oneintriguing aspecbf thestrongforceis thatit naturallyproduces stronglocalization
effect (i.e., asymptotidfreedom).Thereforejt could bethatmuchof the localizationandquantizatiorthat
we obsenre canbetracedbackto the nucleusandthe strongforce: the discretechagein the nucleuscould
seneto discretizeandquantizethe electronwavesthatinteractwith it.

C. Conclusion

As theabove discussiommalesclear therearemary outstandingjuestionghatneedto be addresseth
futurework. A combinationof furtheranalyticalandlargerscalenumericalsimulationwork will likely be
necessaryPerhapghe mostintriguing aspecibf this work is thatthe numericalsimulationsmay simulate
thefundamentaimechanismstwork in natureitself, giventheir extremelysimpleandlocal nature.

VII.  APPENDIX: INITIALIZA TION PARAMETERS FOR THE HYDROGEN ATOM MODEL

The actual CA universewas 198x200x200cells, with the 198 requiredfor uniform splitting of the
computatioralongthex axisamong28 separat@odesn theauthors computercluster Thenucleuschage
wasasphericahon-normalizedsaussiarwith = 32

i _ci

i = ae 2 47
wherejji  ¢jj indicatesthe squaredeuclideandistancefrom pointi = (X;y;z) to the centerpointc =
(99; 100G 100), andthe amplitudea was setso that the total suchchage was4.0 acrossthe entire space.
The initial scalarpotentialAg wasinitialized to the statethat this positive chage would createby itself
(a Gaussiarfor a radiusof 50 from the center with a 1=r eld falling off outsideof that). The Dirac
chage elds wereinitialized asfollows. The' 15 and' 1, elds wereinitialized with rotatingwave paclets
constructedhsa Gaussian-alledsphericakhell:

idj rij

' 12 = @€ ? (48)
(whered is the Euclideandistancefrom the pointi = (x;y;z) to thecenter(d = ji  ¢j), with radius
r = 32, andwidth of theshell = 16), timesaradialsinewave with oneperiodperrevolution. Thephases

andamplitudesof thesevariablesare:

variable phasgdeg)|amplitude
' 1a 90 .0007
'1a 0 .00014

' 2a 180 .0007

' 2a 90 .00014

The' 23 and' 5, elds wereinitialized with an oscillatinggaussiarbump con guration centerecover
the nucleus,constructecasa sumof two differentgaussiars with different andamplitudeparameters,
generatedby tting to the stablepatternthatemegedin earliersimulations.



16 Analog Cellular AutomatonModel of Electrodynamics

variable = 28amplitude = 20amplitude
"1 .00175 -.00175
" 1b 0 -.00035
" 2 0 .00175
" 2b .00035 -.00035
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