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The coupledMaxwell-Dirac electrodynamicsystemis implementedin an analog(continuous-
valued)cellular-automatonoperatingwithin a threedimensionalregular face-centeredcubic lattice.
This systemconsistsof a second-orderDirac wave equationfor the electron(i.e., the minimally-
coupledKlein-Gordonequationwith spin,operatingon two complex statevariables),coupledwith
electromagneticpotential�eld versionsof Maxwell's equationsin the Lorenzgauge. Both Dirac
andMaxwell's equationsarestandardsecond-orderwave equationswith someadditionalterms.An
analogcellularautomatonproducessuchwaveequationsasoneof thesimplestpossiblemodelsthat
exhibitsany physically interestingbehavior. Furthermore,it avoidsstandardobjectionsby achieving
rotationallysymmetricpropagationat cellular-scalesthroughtheuseof a 26 neighborupdateequa-
tion for the laplacian.To achieve numericalstability, parity mustbebroken,which mayprovide an
explanationfor propertiesof theweakforce.Thebehavior of anelectrontrappedby a �x edpositive
charge is simulated,providing a modelof thehydrogenatomsystem.Overall, this framework may
provideanappealingmechanisticmodelof electrodynamics.

I. INTRODUCTION

This paperpresentsananalog(continuous-valued)cellularautomaton(CA) model[1, 2] of thecoupled
Maxwell andDirac equations,asin theneoclassicalor semiclassicalapproachto quantumelectrodynam-
ics [3–9]. Neoclassicalquantumelectrodynamicsusesthe Schr̈odingeror Dirac equationfor an electron,
self-coupledwith Maxwell'selectromagnetic�eld equations,asanalternative to standardquantumelectro-
dynamics(QED). Theself-couplingof theelectronwith its own electromagnetic�eld resultsin nonlinear
interactionsthat,while dif�cult to analyze,appearto give riseto thephenomenadescribedin termsof vir-
tual particledynamicsin standardQED. The presentsystemconsistsof the second-orderDirac equation
(i.e., theminimally-coupledKlein-Gordonequationwith spin,operatingon two complex �eld variables),
coupledwith Maxwell'sequationsfor electromagneticpotentialsin theLorenzgauge.

Theprimaryresultof thispaperis toshow thattheneoclassicalpictureemergesnaturallyfromanattempt
to constructthesimplestpossibleCA modelthatis consistentwith known electrodynamics.Both theDirac
andMaxwell equationsin this systemarestandardsecond-orderwave equations,with additionalterms.
Thesecond-orderwave equationcanbeseenasoneof thesimplestpossibleanalogCA modelsthatdoes
anything interestingat all. Thus,this modelrepresentsa very simple,computationallyexplicit framework
for quantumelectrodynamics.

CA modelshave beendismissedin the pastbecauseof their lack of rotationalsymmetrycausedby
theunderlyingcubic lattice. Thepresentmodeldoesnot suffer from this problem. Speci�cally, by using
continuous-valuedstatevariablesin a regular cubic lattice with a full 26 neighborstencil, interactingvia
second-orderwave equations,rotationalasymmetryin propagation is almostcompletelyeliminated. It
is only presentat small levels in extremelyhigh frequency waves (i.e., closeto grid scale). Given that
the lattice cubesare at the Plancklength scale(1:6162x10� 33cm), sucheffects would almostcertainly
be unobservable in any real experiment. In contrast,previous quantumCA modelshave usedsmaller
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Figure1: Face-centeredcubictiling of space,showing centersof cellsasnodes,with all 26 neighborsof a givencell
shown. This is theneighborhoodover which cells interact. Thesquareddistancesof theneighbors(shown) weight
their contributions.

neighborhoodstencilsand �rst-order equations,which typically do not producerotationally symmetric
propagationatany scale.

To demonstrateits basicproperties,theCA systemwassimulatedonasmallscale,whereit canproduce
a stablehydrogenatommodelin termsof anelectronchargedistribution tappedby a �x edcentralpositive
chargerepresentingthenucleus.To make thesystemnumericallystable,parity mustbebroken in theor-
deringof wavevariableupdates.Thisparitybreakingis intriguinggiventhesimilarkind of paritybreaking
presentin theweakforce.

The paperis organizedas follows. First, the analogCA framework is developed,showing how the
standardsecond-orderwave equationemergesasoneof thesimplestpossiblesetof updateequationsthat
doanything interestingatall. Then,theMaxwell andDiracequationsaredevelopedwithin this framework.
Thehydrogenatommodelis thendescribed,followedby adiscussionof variousunresolvedissues.

II. CONTINUOUS CA FRAMEW ORK AND THE WAVE EQUATION

CA modelsareappealingbecausethey representarguablythe simplestway of implementingphysical
processes:spaceis carvedinto a latticeof identicalsmallcubes(cells),eachcell containsoneor morestate
variables,andphysicsemergesthroughthe local interactionsbetweenthesecells (Figure1). A number
of differentCA modelsof variousphysicalandotherphenomenahave beendeveloped,andtheir potential
virtuesasphysical modelsdiscussed[1, 2, 10–14]. Most of theseCA modelsinvolve discrete(binary)
statevariables(i.e., a digital CA), anddespiteall the promisingefforts, nobodyhasyet comeup with a
binary-stateCA systemthatproducessomethinglike quantumelectrodynamics.However, by introducing
continuous-valuedstatevariables(i.e., an analog CA), several researchershave beenable to model the
evolutionof fundamentalquantumwave functions[1, 2]. Thepresentmodelalsoadoptscontinuous-valued
statevariables.

Theintroductionof continuous-valuedstateswouldseemto beasigni�cant departurefrom theminimal-
ist philosophy thatmotivatestheuseof CA modelsin the�rst place.Fromatheperspectiveof implementing
thesystemonadigital computer, asinglebinarystateis thesimplest,mostfundamentalentity, andcontinu-
ousvaluesareonly availablein approximateform via �oating pointnumbers,whicharecomposedof binary
states.However, thenotionof theuniverseasa digital computermight not be thebestmodel: perhapsit
is insteada kind of analogcomputer, wherecontinuous-valuedanalogstatesarea primitive of thesystem,
insteadof discretestates?Furthermore,thereis anothercomponentof theoverall simplicity of thesystem
that is often ignored: the simplicity of the CA updateequations. In virtually all binary-stateCA's, the
updateequationsneedto beasymmetric,non-monotonic,andoverall quitecomplex to achieve interesting
behaviors. In contrast,with continuous-valuedstatevariablesit is possibleto havevery interestingphysical
behavior emergeby computinga simpleaverageof the local neighborhoodstatevalues.Thus,onemight
plausiblyarguethatthefunctionalsimplicity of analogCA's outweighsany perceivedcostassociatedwith
introducingcontinuous-valuedstates.Furthermore,continuous-valuedstatesarecritical for eliminatingthe
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rotationalasymmetryproblem,asmentionedearlier. In any case,thebottomline is thatwe canproducean
accuratesimulationof quantumelectrodynamicsusingananalogCA, asdescribedbelow.

To develop the analogCA model, it is instructive to enumeratea sequenceof CA updateequations,
startingwith thesimplestpossiblecase,andworking towardonethatexhibits somepotentiallyinteresting
physicalbehavior. Ourstartingpoint is to setthenew stateof eachcell equalto theaverageof theneighbor's
states,which is arguablyoneof the simplestpossibleneighborhoodinteractionsin a continuous-valued
system:

st+1
i =

1
26

X

j 2N i

st
j : (1)

Eachcell's stateis representedby st
i , indexed spatially by subscripti = (x i ; yi ; zi ) and temporallyby

superscriptt, andtheneighborhoodN indicatesthe26adjacentneighborsof eachcell,asshown in Figure1.
Thissystemdoesnotproduceany interestingphysicalbehavior: it justconvergesto anequilibriumaverage
state. A reasonablenext stepin complexity would be to operateon the differencebetweenthe neighbor
averagevalueandthecurrentstatevalue,sothatthesystemis drivenby the“tension”or “stress”acrossthe
states:

st+1
i =

1
26

X

j 2N i

st
j � st

i : (2)

Thisproducestheoppositebehavior: divergenceto in�nity for any non-uniforminitial startingstate.Using
thisdifferencetermasanupdateincrementto theexistingstatevalueis thesameasequation1.

As anext stepup in complexity, a rateof changeof thestate_s (i.e.,avelocity)canbeintroduced,which
canbesetto theneighborhooddifferenceterm:

_st+1
i = _st

i + (g(N t
i ) � st

i ); (3)

with theoverall statevariableupdatedaccordingly:

st+1
i = st

i + _st+1
i : (4)

At this point,we crossa critical threshold,andthesystemproducesphysically interestingwave dynamics.
Indeed,this is essentiallythestandardsecond-orderwaveequation,moduloproperneighborhoodweighting
termsasshown below.

Onecanconcludefrom thisexercisethatthesecond-orderwaveequationis arguablyoneof thesimplest
possiblecontinuous-valuedCA updateequationsthatdoesanythingphysically interesting.Weshow below
thatall of electrodynamicscanbebuilt out of elaborationsof this onefundamentalinteraction.This seems
like a compellingargumentin favor of the ideathat this kind of analogCA modelprovidesa particularly
simple,elegantwayof modelingfundamentalphysics.

A. Formalization of the 26-NeighborDiscreteLaplacian Approximation

In continuousspace-timecoordinates,thewaveequationis typically expressedin termsof thelaplacian

r 2 =
�

@2

@x2 + @2

@y2 + @2

@z2

�
:

@2s
@t2 = c2r 2s; (5)
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wherec is thespeedof light, which is 1 in thePlanckscaleunits thatarethenaturalunits for this system.
In [15], we show that the laplaciancanbeaccuratelyapproximatedby usinga stencilthat includesall 26
neighbors:

r 2si � r 2
26si �

3
13

X

j 2N 26

kj (sj � si ); (6)

wherekj is a factorthatweightsthedifferentneighborsdifferentiallyaccordingto their distancefrom the
centralcell:

kj =
1
d2 ; (7)

andd is theEuclideandistanceto theneighborj :

faces: kj = 1

edges:kj =
1
2

corners: kj =
1
3

: (8)

In thediscretespace-timeof ourCA model,this impliesthefollowing updateequations,using•s to represent
thesecondtemporalderivativeof thestatevalue:

•st+1
i = c2r 2

26st
i = c2 3

13

X

j 2N 26

kj (st
j � st

i ); (9)

_st+1
i = _st

i + •st+1
i ; (10)

st+1
i = st

i + _st+1
i : (11)

As weshow in [15], thisapproximationexhibitsaveryhighdegreeof spatialsymmetry, suchthatwaves
propagateoutward from a given point in all directionsat the samespeed,with the samemagnitude,etc.
Only at the highestfrequencies,at the scaleof the underlyinggrid, aretheremeasurabledeviationsfrom
symmetry, andtheseremainsmall. This high degreeof symmetryis dueto theuseof all 26 neighborsin
thecomputation.Furthermore,it dependscritically on thesecond-ordernatureof thewaveequation.Other
�rst-order versionsof waveequationsdonotexhibit suchnaturalsymmetryin threedimensions[1].

III. MAXWELL 'S EQUATIONS IN POTENTIAL FORM IN THE LORENZ GAUGE

It is well known (e.g.,[16]) thatMaxwell's equationscanbeexpressedin termsof standardwave equa-
tionsoperatingon thescalarpotentialA0 andthevectorpotential ~A = (Ax ; Ay ; Az):

@2A0

@t2 = c2r 2A0 +
1
� 0

�; (12)

@2 ~A
@t2 = c2r 2 ~A + � 0 ~J ; (13)

where� is the charge densityand ~J is the charge currentdensity. In our analogCA model,Maxwell's
equationscanthereforebe representedby four updateequations,onefor eachvariable,all of the form of
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the standardwave equationplus an additional“source” driving term (charge or current). For the scalar
potential,wehave:

•A0
t+1
i = c2r 2

26A0
t
i +

1
� 0

� t : (14)

For thevectorpotential,therearethreeequationsof this form, onefor eachof thethreedimensions(x; y; z)
of thevector. For example,theequationsfor thex dimensionare:

•Ax
t+1
i = c2r 2

26Ax
t
i + � 0J t

x : (15)

Themeasurableelectric( ~E) andmagnetic( ~B ) vector�elds canbecomputedfrom thesepotentialsas
follows:

~E = � ~r A0 �
@~A
@t

; (16)

~B = ~r � ~A: (17)

Theseenterinto thecouplingwith theelectroncharge�eld asdescribedlater.
Thesimplewave form of Maxwell'sequationsrequiresthattheLorenzconditionbesatis�ed:

@A0

@t
= � c2~r � ~A: (18)

Nothing is explicitly donein thesystemto enforcethis condition,but thesimulationresultsreportedlater
show thatthesystemautomaticallysatis�esit to anerrorlevel of around1x10� 4, with theerrorcontinuing
to drop over time. Furthermore,this Lorenzerror appearsto be a function of the scaleof frequenciesof
wavesin thesystemrelative to thegrid scale:at realisticfrequenciesmany ordersof magnitudelargerthan
thegrid scale,thiserrorwouldbeentirelynegligible.

In short, in this model, the electromagnetic�eld is a wave �eld propagating over four statevariables
throughspace,with thelocal chargeandcurrentstatevalues(to bede�ned next) providing a driving force.
The simplicity and eleganceof this model are compelling,especiallyin light of the idea that the wave
function is oneof thesimplestpossibleCA functionsthatdoesanything physically useful. It shouldalso
be notedthat theseequationsaremanifestlycovariant,andthusembodyall of the relevant propertiesof
specialrelativity. Thus,avery largeswathof fundamentalphysicscanbeaccountedfor usingaverysimple
framework.

IV. THE SECOND-ORDERDIRAC EQUATION FOR AN ELECTRON

To model the electron,we usethe second-orderversionof the Dirac equation[17, 18]. In standard
quantumtheory, the�rst-order Dirac equationcanbeusedto describetheevolution of thequantumproba-
bility densityfunctionfor anelectron,evenat relativistic energies(unlike thenonrelativistic Schr̈odinger's
equation).The second-orderversionusestwo complex statevariablesinsteadof the four neededfor the
�rst-order version,but otherwisedescribesthe sameunderlyingphysics(in effect, the �rst derivativesin
thesecondorderequationrepresentanindependentdegreeof freedomthat is otherwiserepresentedby the
additionalstatevariablesin the�rst-order version).It is well known thattheDirac equationhassomepuz-
zling characteristicsin thestandardprobabilisticframework of quantumphysics.For example,it produces
both positive andnegative “probability” values. The negative “probability” valuesare interpretedasthe
probabilitiesof the electronantiparticle,the positron. An alternative interpretationthat waspursuedini-
tially by Schr̈odingerin 1926,andhasbeenpursuedmorerecentlyin neoclassicalself-coupled�eld theory
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[3–9], is thattheDirac equationdescribesa conserved�eld of chargevalue,with theelectronandpositron
having oppositecharges.This interpretationis alsoadoptedwithoutmuchfurthercommentin somemodern
textbooks[19–21].

It is instructive to progressively derive thesecond-orderDirac equationfrom thesimplerKlein-Gordon
(KG) equation[22–24],which is in turn a simpleextensionof thestandardwave equation.Thefollowing
derivation,exceptfor the�nal stepof thesecond-orderDiracequation,is basedon[19, 20]. In thestandard
wave equation,wavesalwayspropagateat thesamespeed(c), which is appropriatefor electromagnetism,
but not for massive particles.TheKG equationaddsonesimplemasstermthatallows wavesto travel at a
rangeof differentspeeds:

@2'
@t2 = c2

�
r 2 �

m2
0c2

~2

�
'; (19)

wherewe use' to referto a scalarcharge-�eld statevariable,andm0 is therestmassof theelectron.The
speedof wave propagationdependson therelationshipbetweentheoverall “curvature”of thewave (r 2' )
andthe squared-massvaluem2

0' . Intuitively, the massslows the wave propagation force representedby
r 2' . Therefore,for thewaveto movefaster, ahigherfrequency wave(with largerr 2' values)is required.
Thus,this equationcapturesthe fundamentalmomentum-frequency relationshipof quantumtheory: p =
h
c f .

More formally, theKG equationcanbederivedfrom therelativistic energy-momentumequation,show-
ing thattheKG equationdescribesthepropagationof a “particle” (asa wave of charge)thatobeys conser-
vationof energy, andspecialrelativity (andNewtonianmechanicsin thelimit of slow velocitiesrelative to
thespeedof light). Therelativistic Hamiltonian(total energy) of thesystem,is:

E 2 = ~p2c2 + (m0c2)2; (20)

which canbeturnedinto a wave equationthroughthefollowing standardoperatorde�nitions for energy E
andmomentump:

E = i~
@'
@t

; (21)

~p = i~~r '; (22)

where~r =
�

@
@x ; @

@y ; @
@z

�
. Substitutingthe above operatorde�nitions in placeof the E andp terms,we

recover thebasicKG equation:

@2'
@t2 = c2

�
r 2 �

m2
0c2

~2

�
': (23)

In short,this simpleequationcapturesthemajordynamicalpropertiesof particlemotion.Thefactthatit is
sucha simplemodi�cation to thestandardwave equation,which again is oneof thesimplestpossibleCA
equations,providesacompellinglysimplephysicalpicture.

A. Chargeand ComplexFields

ThescalarKG equationdoesnot producea conservedchargevalue.However, thesamebasicequation
operatingonacomplex �eld variable(� = ' a + i' b) does:

@2�
@t2 = c2

�
r 2 �

m2
0c2

~2

�
� (24)
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Figure2: Computationof the spatialgradientusingall 18 neighborsthat have a non-zeroprojectionalonga given
axis (in this case,looking at thex axis). The two facepoints(+ ; � alongtheaxis)have a full projectionalongthe
axis,andthusenterwith a weightof 1. The8 edgepointseachhave a 1p

2
projectionof their overall distancealong

theaxis,andthuscontributewith thatoverall weighting.Similarly, the8 cornershave a 1p
3

projectionweighting. In
computingtheweightedaverage,thesumof all neighbordifferencesis dividedby thesumof theweightingterms.

Becausedifferentiationoperatesindependentlyon the two scalarvariablesin a complex number, this is
equivalentto two parallelscalarKG equations:

@2' a

@t2 = c2
�

r 2 �
m2

0c2

~2

�
' a (25)

@2' b

@t2 = c2
�

r 2 �
m2

0c2

~2

�
' b (26)

Thesescalarformsof thecomplex equationsprovide theunderlyingcomputationalmechanismsfor theCA
model.

The conserved charge value� is computedby multiplying the complex KG equationby the complex
conjugate:

� =
i~e

2m0c2

�
� � @�

@t
� �

@� �

@t

�
(27)

which reducesto thefollowing locally-computableCA-level equationin termsof thetwo scalar�eld com-
ponents:

� i =
~e

m0c2 (' bi _' ai � ' ai _' bi ) (28)

This equationmakesit clearthat thechargevaluerepresentsa couplingacrossthetwo otherwiseindepen-
dentvariables,which is why asinglescalarequationis insuf�cient.

Thecurrentchargedensityis:

~J = �
i~e
2m0

�
� � ~r � � � ~r � �

�
(29)

which reducesto:

~J =
~e

m0c2 (' a ~r ' b � ' b~r ' a) (30)

To computethis in the CA model,we needa discreteapproximationof the vectorgradientoperator
~r =

�
@

@x ; @
@y ; @

@z

�
. This can be derived using the sameapproachas the 26-neighborlaplacian([15],

Figure2), usingall 18neighbors(9 vectors)thathaveanon-zeroprojectionalongtheaxisin question:

@s
@x

�
1

(2 + 8p
2

+ 8p
3
)

X

j 2N 9

kj (' j + � ' j � ) (31)
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WheretheneighborhoodN9 containspairsof pointsj + andj � thatareoppositeendsof the9 raysthrough
thecentralpoint,andthedistanceweightingfactorsk j are:

faces: kj = 1

edges:kj = 1p
2

corners: kj = 1p
3

(32)

With theseequations,it is now possiblefor the complex KG equation,implementedin a purely local
analogCA model,to producethechargeandcurrentvaluesthatserve assourcesto Maxwell's equations,
completingonehalf of thecoupling.Next, theKG equationmustbeextendedto includecouplingwith the
electromagnetic�elds.

B. Minimal Coupling

Theelectromagnetic�eld interactionwith theelectroncanbederivedthroughtheprincipleof minimal
couplingwherethepotentialentersasanadditivetermto the�rst-order derivativesof thesystem(equivalent
to thepreservationof localgaugeinvariance).BecausetheKG equationis second-order, theequationsneed
to bere-derivedusingthegaugecovariantderivativeoperators(in four-vectornotation):

@� ! @� �
e
c

A �

@� ! @� �
e
c

A � ; (33)

In four-vectornotationthebasiccomplex KG equationis:

@� @� � = �
m2

0c2

~2 �;

sotheminimally-coupledversionis:

�
i~@� �

e
c

A �

� 2
� = m2

0c2�: (34)

With thespatialandtemporaltermsseparatedout, thisassumestheform of astandardwaveequation:

@2�
@t2 = c2

�
r 2 �

m2
0c2

~2

�
� �

2ie
~

�
A0

@�
@t

+ c~A � ~r �
�

+
e2�
~2

�
A2

0 � ~A2
�

: (35)

This is thebasiccomplex KG waveequation,plussomeextra termsthatinvolve theinteractionbetweenthe
chargewaveandtheelectromagnetic�eld potentialsA0 and ~A.

At this point, we have a completelycoupledsystemof charge andelectromagnetic�elds, all driven
fundamentallyby thesameunderlyingCA wave equation,plusextra terms. Theonly thing missingfrom
thispictureis spin, which is whattheDiracequationadds.

C. Spin and the Second-OrderDirac Equation

The second-orderDirac equation[17, 18] operateson two complex �eld variables,for a total of four
independentdegreesof freedom.Wedenotethis �eld as:

 =
�

' 1a + i' 1b

' 2a + i' 2b

�
(36)
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Theequationis anextensionof thecomplex minimally-coupledKG equation:
� �

i~@� �
e
c

A �

� 2
+

e
c
~� �

�
~B + i ~E

� �
 = m2

0c2 ; (37)

wherethecouplingnow involvestheelectromagneticvectors~E and ~B , mediatedthroughthestandardPauli
matricies~� thatdescribetheelectron's spin:

~� =
��

0 1
1 0

�
;
�

0 � i
i 0

�
;
�

1 0
0 � 1

� �
(38)

The resultingCA-style updateequationsfor the second-orderderivatives of eachof the four charge
variables(cell andtime indiciesomittedfor simplicity) are:

•' 1a = c2
�

r 2
26' 1a �

m2
0c2

~2 ' 1a

�
+

2e
~

�
A0 _' 1b + c~A � ~r ' 1b

�
+

e2

~2 ' 1a

�
A2

0 � ~A2
�

+

e(' 1aBz � ' 1bEz + ' 2a(Bx + Ey) � ' 2b(Ex � By)) (39)

•' 1b = c2
�

r 2
26' 1b �

m2
0c2

~2 ' 1b

�
�

2e
~

�
A0 _' 1a + c~A � ~r ' 1a

�
+

e2

~2 ' 1b

�
A2

0 � ~A2
�

+

e(' 1bBz + ' 1aEz + ' 2b(Bx + Ey) + ' 2a(Ex � By)) (40)

•' 2a = c2
�

r 2
26' 2a �

m2
0c2

~2 ' 2a

�
+

2e
~

�
A0 _' 2b + c~A � ~r ' 2b

�
+

e2

~2 ' 2a

�
A2

0 � ~A2
�

+

e(� ' 2aBz + ' 2bEz + ' 1a(Bx � Ey) � ' 1b(Ex + By)) (41)

•' 2b = c2
�

r 2
26' 2b �

m2
0c2

~2 ' 2b

�
�

2e
~

' 2a

�
A0 _' 2a + c~A � ~r ' 2a

�
+

e2

~2 ' 2b

�
A2

0 � ~A2
�

+

e(� ' 2bBz � ' 2aEz + ' 1b(Bx � Ey) + ' 1a(Ex + By)) (42)

Note that the top line of eachequationis equivalentto theminimally-coupledcomplex KG equation,and
the secondline containsthe additionaltermsthat producespin, asrepresentedin the second-orderDirac
equation.

Thechargeandcurrentequationsaresomewhatmorecomplex thanthosefor thecomplex KG equation:

� =
~e

m0c2 ((' 1b _' 1a � ' 1a _' 1b) + (' 2b _' 2a � ' 2a _' 2b)) �

e2

m0c2 A0(' 1a
2 + ' 1b

2 + ' 2a
2 + ' 2b

2) (43)

and:

~J =
~e

m0c2

�
(' 1a ~r ' 1b � ' 1b~r ' 1a) + (' 2a ~r ' 2b � ' 2b~r ' 2a)

�
�

e2

m0c2
~A(' 1a

2 + ' 1b
2 + ' 2a

2 + ' 2b
2) (44)

At thispointwehavethefull coupledsecond-orderDiracequationandMaxwell'sequations,in theform
of local,deterministiccontinuous-valuedCA equationsoperatingon four scalarEM statevariables(A 0, ~A)
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andfour scalarDiracstatevariables( =
�

' 1a + i' 1b

' 2a + i' 2b

�
). Fromthese8 primarystatevariables,all of the

othertermsthatappearin theequations(e.g., ~E , ~B , � , ~J ) arecomputed.Speci�cally, in thecomputational
implementation,the four Maxwell updateequationsfor A0 and ~A (equations14, 15) arecomputedbased
on thecurrentvaluesof � and ~J , andthesecond-orderDirac updateequationsfor theDirac wave �eld  
(39 – 42) arecomputedbasedon thecurrentvaluesof A0 and ~A. All of theseupdatedvaluesthenbecome
thenew currentvalues,andtheprocessrepeats.Thus,thereis effectively a simultaneousparallelupdateof
all statevariablesateachpoint in time.

AlthoughtheDiracequationshavebecomesomewhatmorecomplex thantheoriginalKG equation,it is
importantto appreciatethatall theconstantshaveavalueof 1 in thenaturalunitsat thePlanckscale,sothat
makesthemsomewhat simpler. Furthermore,noneof the actualcomputationsinvolved is morecomplex
thanthebasiclaplacian,andmuchof it is local to agivencell, sotheoverallcomplexity of thesystemis not
high. Arguably, this is thesimplestautonomouscomputationalsystemthatcanproducetheknown physics
of electrodynamics.

D. Numerical Issuesand Symmetry Breaking

If thesecond-orderDiracupdateequations(39– 42)aredirectly implemented,thesystemis numerically
unstable,even with a �x ed electromagnetic�eld. The sourceof this instability (which is presenteven in
the simpler coupledcomplex KG equation),is the coupling betweenthe two elementsof the complex
variablethatoccursin theupdateequations.Speci�cally, theupdateof ' a dependson _' b andvice-versa.
This interdependency representsa rotationthroughthe ' a and' b variables,drivenby theelectromagnetic
potentials. To the extent that the potentialsarepushingthe ' a variableup, thereshouldbe an opposite
pushingof the ' b variabledown, causingtherotation. However, if the ' b variableonly hasthe“old” data
from theprevioustimestepabouthow much' a gotpushedup,thenit doesn't compensatecorrectlyin how
muchit getspusheddown. Thismakesthesystemnon-conservativeandunstable.

Onesimplesolutionto this problemis to breakthesymmetrybetween' a and' b in theseupdateequa-
tions. Insteadof updatingeachof themat thesametime,basedon theprior valuesof theother, we choose
onevariable(' a, arbitrarily) andupdateits values�rst. Then,whenwe compute' b, we usethe current
valueof _' a in theupdateequationfor ' b. This restoresnumericalstability to thesystem.

Interestingly, theneedto breakthesymmetrybetweenthesevariables�ts at leastqualitatively with the
parity violation associatedwith theweakforce,which is anotherwisesurprisingandapparentlyarbitrary
aspectof nature.Thepresentimpositionof a preferreddirectionof rotationin thesevariables,requiredto
make thesystemnumericallystable,couldpotentiallyprovideaprincipledmotivationfor suchasymmetry
breaking.Furtherwork needsto bedoneto explorethis intriguingpossibility.

E. Edges

In �nite-sized computationalsimulationsof thissystem,edgesposeasigni�cant problem(it is assumed
thattheactualsystemis likely in�nite in spatialandtemporalextent).BecausetheDirac �eld mustremain
conservative,theonly practicalsolutionis to wraptheedgesaroundontheupperandlowerbounds,making
a toroidal-shapedsystem.However, if this is donewith theelectromagnetic�eld variables,thepotentials
constantlyincreasein magnitudeover timebecausethereis nospatialdissipation,which is acritical feature
of theEM �eld thatproducesits 1=r characteristic[25]. Therefore,weusedampingSommer�eldboundary
conditionsat theedges(indexedby e insteadof i ):

_A0
t+1
e = c2r 2

26A0
t
e (45)
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(i.e., the�rst derivative is setto theusualsecondderivative value,producingthedampingeffect described
earlierfor thesimplestneighborhoodaveragingCA model).Thisdampingpartiallysimulatesthedissipation
of theEM �eld throughspacethatwould otherwiseoccurin anin�nitely largesystem.To moreaccurately
simulatethe1=r dissipation,a decaytermis usedwhenintegratingthepotentialvalues(again, only at the
edges):

A0
t+1
e = (1 � 
 )A0

t
e + _A0

t+1
e (46)

where
 = :02 wasempiricallyderived to moreaccuratelysimulatea the1=r dissipationof theEM �eld
thatwouldoccurin anin�nite CA space.

V. A SIMULA TED HYDROGEN ATOM

An importantfeatureof theCA framework is thatany physicalphenomenonof interestcanbesimulated
directly, just by establishingappropriateinitial conditionsand thenobservingthe evolution of the wave
functionsover time. Thereis no needto establishdifferentanalyticalframeworks for differentproblems.
Thedisadvantageis thatprecisequantitativeresultscanonly beobtainedthroughlengthy numericalsimula-
tions,andestablishingageneralpatternof behavior requiresmultiplesimulationsundervaryingconditions.
Thus,simulationandanalyticalapproachesarecomplimentary, andmutuallyinformative. Becausetheself-
coupledsystemin questionhereis very dif�cult to analyze[3–9], the simulationapproachis of potential
value.

Figure3 shows the wave statecon�guration anddynamicsof simulatedhydrogenatommodel. The
CA “universe”consistedof 198x200x200 cells, with c = :5; m0 = e = ~ = 1. In reality, m0 for an
electronis roughly4:18x10� 23 in thenaturalPlanckunitsof thesystem,andthediameterof a hydrogen
atomis 6:19x1024 cellswide. Thus,to �t within the limits of theavailablecomputationalresources(a 28
nodebeowulf cluster),thesimulatedhydrogenatomhadto bescaleddown by a factorof roughly1=1023,
and the rest massscaledup to compensate.This scalingintroducessigni�cant differencesin behavior
relative to what would be expectedfor the real system,becausethe wavelengthsof the systemareonly
a small multiple of the underlyingcell size. One consequenceof this is that the laplaciancalculation,
which propagateswavesacrossall 26 of a cell's neighbors,will result in a bleedingeffect for structures
thathavesigni�cant curvaturein multipledimensionsat thegrid scale.Whenthewavesspanoverasmany
cells as thosein the realistically-sizedsystem,the laplacianapproximationis essentiallyperfect,andno
suchbleedingeffectswould beevident. Thus,this extremelyscaled-down modelis likely to besomewhat
inaccurate,but it neverthelessdemonstratessomeinterestingbehavior. Present-daysupercomputerscould
beusedto evaluatethescalingbehavior acrossa coupleof ordersof magnitude,to producemoreaccurate
results.

The nucleusof this simulatedatomwasconstructedby placinga �x ed sphericalGaussian-distributed
blob of positive charge in the middle of the system.It is assumedthat the strongforce keepsthis charge
distribution relatively localizedandstableover time. The four Dirac electroncharge �eld variableswere
initialized in a patternbasedon thestatethatemergedaftera moving electronwave packet with negative
charge wascapturedby this positive nucleuscharge. The Dirac charge wavesrotateandoscillatearound
thecentralnucleus,asshown in Figure3. SeetheAppendixfor detailedparameters.Althoughsomeof the
chargewavesdoescapefrom theinitial con�guration,thesystemremainsstableup throughat least20,000
timesteps(whichtooknearlyaweekof computertimeto simulate),in thesensethatthesamecon�guration
of rotationandoscillationpersists.Thisshows thatthesystemdoesnotexhibit thecollapseassociatedwith
the classicalatomicmodel. Furthermore,otherexperimentsreveal that the wave dynamicsclearly settle
into stateswith integral wavelengthsaroundthe circumferenceof the nucleus,aspredictedby quantum
mechanics.Moviesareavailableathttp://psych.colorado.edu/˜oreilly/realt.html .
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a) t=1 b) t=7

c) t=14 d) t=21

Figure 3: Four time stepsfrom a simulationof a hydrogenatom, producedby placing an electroncharge wave
arounda �x ed positive central charge distribution representingthe nucleus. For eachimage, the top-left panel
shows the ' 1a dirac charge wave �eld, the top-right is ' 2a , bottom-left is the charge density� (as generatedby
the dirac wavesonly), andbottom-rightis the scalarelectromagneticpotentialA0. For each,oneslice througha
2003 sizeduniverse(with edgeswrappingaround)is plotted,with valuescodedby heightand color (red = posi-
tive, blue = negative, zero= transparentgrey). The dirac �eld variablesrotate(' 1a , ' 1b) andoscillate(' 2a , ' 2b)
aroundthe centralpositive charge distribution. The resultingcharge � is centrally distributed. This patternre-
mainsstableinde�nitely, althoughsomeof the dirac wave value leaksout over time (but averagenet charge re-
mainsstable,while oscillatingover shortertime periods).Movies,andthe full simulationsoftware,areavailableat
http://psych.colorado.edu/˜oreilly/realt.html .

Figure4ashows that theoverall chargevalueof thesystemis conservedover a longertime frame,but
it exhibits a strongoscillatorypattern.Figure4b shows that the differencebetweenthe Lorenzcondition
and the actualstateof the system(the Lorenzerror) decreasesover time. In both cases,the magnitude
of thechargeoscillationsandtheLorenzerrorarea functionof the frequency of theunderlyingwavesin
the system.Whena higherfrequency atomiccon�guration wassimulated(i.e., a nucleuswith a smaller
Gaussianwidth), the Lorenzerror washigher, and the charge oscillationswere larger in magnitudeand
higherin frequency. Thus,theseeffectsshouldbenegligible in thesystemat realisticscales(i.e., roughly
1023 timeslarger).

With respectto the conservation of charge, the following observationscanbe made. First, if thereis
no electromagneticpotentialat all (or a spatiallyuniform one),charge is strictly conserved by the Dirac
equationsat every time step. With a �x ed electromagneticpotentialthat changesover space,charge os-
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Figure4: Aggregatebehavior of the systemover time in the hydrogenatommodel. a) Total charge in the Dirac
electronwaves.Althoughit oscillates,theoverallquantityremainsroughlyconstantover time. If theelectromagnetic
potentialis heldconstantovertime,thechargestill oscillates,but thelongtermaverageis strictly �x ed;In thecoupled
case,precisedampingat theedgesis requiredto dissipatetheelectromagnetic�eld to maintainconstantpotentialand
charge.b) Proportionabsolutemaximumdifference(error)betweentheLorenzcondition( @A 0

@t = � c2 ~r � ~A) andthe
actualstateof theelectromagnetic�eld.

cillatesasin Figure4a, but the long time averageis strictly conserved. The computedamountof charge
dependson wherethe bulk of the Dirac wavesarerelative to the spatially-varying potentialvalues,so as
Diracwavesmovearound,thetotalchargevaries,but ultimatelytheDiracwavevaluesthemselvesarefully
conserved,sonothingis ever really lost or gained.Whentheelectromagneticpotentialis dynamicallyup-
datedaccordingto Maxwell'sequations,it is possiblefor theoverallpotentialto changeovertime,resulting
in anapparentchangein overall chargevalueover time. Thus,it is importantto usetheSommer�eldedge
equationswith theextradampingtermto simulatethe1=r dissipationof the�eld throughspace,to maintain
aconstantoverall chargevalue.

VI. DISCUSSION

In summary, this papershows thata completelycoupledDirac-Maxwellsystemcanbemodeledusing
second-orderwave equations(plusadditionalterms)in ananalogcellularautomaton,wheresuchsecond-
orderwave dynamicsemergefrom oneof thesimplestpossibleupdateequationsthatdo anything interest-
ing. This systemcansimulatehow theelectronwave functionbehavesin a hydrogenatom: the resulting
systemappearsstableover time, despitebeingsimulatedon anextremelysmallscalewheredistortionsin
the laplacianapproximationareevident. Suf�ciently larger-scalemodelscouldbesimulatedon a modern
supercomputerto enablethegenerationof relatively precisepredictionsaboutthebehavior of thesimulated
hydrogenmodel,whichcouldthenbecomparedwith known observations(e.g.,theLambshift, etc).

Thepresentresultsmayprovide someadditionalmotivation,andmeans,for furtherexplorationsof the
neoclassicalelectrodynamicmodel. However, this modelfacesa numberof importantchallenges,which
webrie�y discussin theremainingsubsections.



14 AnalogCellularAutomatonModelof Electrodynamics

A. Accounting for Particle-Lik eEffects

In this model,theelectronis purelya wave phenomenon:how canthis bereconciledwith theparticle-
like effects that requirea wave-particleduality in standardquantumtheory? The analogCA framework
stronglyexcludesany kind of point-likeparticle(e.g.,adiscretestatevariablethatis active in only onecell
at a time, andpropagatesto neighboringcellsover time). Attemptsto developsucha modelhave clearly
shown that all mannerof motion asymmetriesand other complications(e.g., representingthe particle's
momentum)arise. In contrast,thepurewave modelis very elegant,simple,andappealing,andnaturally
avoidsrotationalasymmetriesthroughtheuseof continuous-valuespropagatingsmoothlyvia second-order
dynamics.Therefore,we arestronglymotivatedto considerwaysin which particle-like effectscanemerge
from within apurelywave-basedframework.

Onespeci�c challengeis to considerwhy theelectronchargewould comein speci�c discreteunits?In
ourCA model,it is easyto createelectronwaveswith any aggregateamountof charge.ThePauli exclusion
principleraisesotherissues:whatdistinguishesoneelectronfrom another, suchthat thewavesmakingup
oneavoid minglingwith thoseof another?Theseandmany otherconundrumscouldpotentiallyberesolved
if the electronwavesexhibited emergent localization. The analysisof Radford[8] shows that the Dirac-
Maxwell systemexhibits anexponentialdecayin theDirac variables,suchthatthey becomelocalizedand
particle-like. Although this behavior wasnot observed in the presentCA model,this is likely becauseit
requiresa larger-scalesimulationthanwaspossibleat the presenttime. Anotherpossiblemechanismfor
emergentlocalizationis gravitation— Finsterandcolleagues[7] haveanalyzedtheDirac-Maxwell-Einstein
systemandfoundlocalization-likeeffects.Gravitationcanalsobeincludedin thepresentsystemin anatural
way, wherethegravitational�eld propagatesasawavedrivenby localenergy, andit dynamicallymodulates
thecouplingconstantsandrateof wave propagation in theMaxwell andDirac �elds [26]. This modelof
gravitation is consistentwith at leastthe Schwarzchildmetric of generalrelativity, and it exhibits stable
Planck-scaleblack hole dynamics[26]. Thus,future simulationswith gravitation includedin the present
modelwill explorethispossibility.

Assumingthatsomeform of localizationemerges,thenthePauli exclusioneffectscouldsimply result
from thenaturaltendency of like chargesto repeleachother. In otherwords,onceseparatedandlocalized,
theelectric�eld interactionswill naturallymaintainsuchaseparation.As to theorigin of thepreciseelectric
charge: this couldbeanemergentphenomenonaswell (i.e.,only a speci�c amountof chargewill produce
a stableparticle-like distribution). Considerablefurthersimulationwork on largerscalemodelscouldhelp
addresstheseimportantquestions.

This approachto understandingparticle-like effects from within a purely wave-basedsystemis sim-
ilar in many waysto the decoherence/einselection/existential interpretationof quantumphysics [27, 28].
Speci�cally, whenrealistic,complex systemsareconsidered,the wave functionsexperiencemany forces
thatcausethemto decoherein waysthatwemeasureasparticle-likeeffects.For freeparticles,theeffectsof
electromagneticforce�elds mayproducelocalization-like effects,asdescribedabove. For boundparticles
(e.g., in atoms),the energy stateis stronglyconstrainedandis what emergesasthe moststablemeasur-
ablepropertyof thesystem.In otherwords,theenvironmentconstrainstheotherwisefree-�owing wavesto
shapetheresultsof measurements.In reality, thereareonly thewaves,but theiremergentdynamicsproduce
particle-likeeffects.

B. Beyond Electrons

How might thisCA modelframework accountfor awider rangeof phenomenabeyondbasicelectrody-
namics?First, oneresultfrom neoclassicaltheoryis that a substantialportionof the electron's measured
masscomesfrom its electromagneticself-energy (e.g.,[6]). Thus,onewould expectDirac wavesthatdo
not have charge (which canoccur for speci�c phaserelationshipsamongthe four statevariables)would



O'Reilly 15

haveconsiderablylessmass.Thismayprovideanappealingmodelfor theneutrino.Furthermore,theother
membersof theelectronfamily (muonandtau)couldhave moreenergeticelectromagneticdynamics,and
thusa largeramountof self-energy, producingtheir largerobservedmasses.Thus,thereis at leastthepo-
tentialfor anelegantway of understandingall of themembersof theleptonfamily. Furthermore,theweak
forcemayemergenaturallyfrom nonlinearinteractionsin this system,andtheparity breakingrequiredfor
numericalstability couldprovideanexplanationfor thisotherwisepuzzlingaspectof nature.

Accountingfor thefermionswould clearlyrequireintroducinga new force�eld to accountfor features
of thestrongforce.Oneintriguingaspectof thestrongforceis thatit naturallyproducesastronglocalization
effect (i.e.,asymptoticfreedom).Therefore,it couldbethatmuchof thelocalizationandquantizationthat
we observe canbetracedbackto thenucleusandthestrongforce: thediscretechargein thenucleuscould
serve to discretizeandquantizetheelectronwavesthatinteractwith it.

C. Conclusion

As theabove discussionmakesclear, therearemany outstandingquestionsthatneedto beaddressedin
futurework. A combinationof furtheranalyticalandlarger-scalenumericalsimulationwork will likely be
necessary. Perhapsthemostintriguing aspectof this work is that thenumericalsimulationsmaysimulate
thefundamentalmechanismsatwork in natureitself, giventheirextremelysimpleandlocalnature.

VII. APPENDIX: INITIALIZA TION PARAMETERS FOR THE HYDROGEN ATOM MODEL

The actualCA universewas 198x200x200cells, with the 198 requiredfor uniform splitting of the
computationalongthex axisamong28separatenodesin theauthor'scomputercluster. Thenucleuscharge
wasasphericalnon-normalizedGaussianwith � = 32:

� i = ae
jj i � cjj

� 2 (47)

wherejj i � cjj indicatesthe squaredEuclideandistancefrom point i = (x; y; z) to the centerpoint c =
(99; 100; 100), andthe amplitudea wassetso that the total suchcharge was4.0 acrossthe entirespace.
The initial scalarpotentialA0 was initialized to the statethat this positive charge would createby itself
(a Gaussianfor a radiusof 50 from the center, with a 1=r �eld falling off outsideof that). The Dirac
charge�elds wereinitializedasfollows. The' 1a and' 1b �elds wereinitializedwith rotatingwavepackets
constructedasaGaussian-walledsphericalshell:

' 1ai = ae
jj di � r jj

� 2 (48)

(whered is the Euclideandistancefrom the point i = (x; y; z) to the center(d = ji � cj), with radius
r = 32, andwidth of theshell� = 16), timesaradialsinewavewith oneperiodperrevolution. Thephases
andamplitudesof thesevariablesare:

variablephase(deg) amplitude
' 1a 90 .0007

_' 1a 0 .00014
' 2a 180 .0007

_' 2a 90 .00014

The ' 2a and' 2b �elds wereinitialized with anoscillatinggaussianbumpcon�guration centeredover
the nucleus,constructedasa sumof two differentgaussian's with different � andamplitudeparameters,
generatedby �tting to thestablepatternthatemergedin earliersimulations.
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variable� = 28amplitude� = 20amplitude
' 1b .00175 -.00175

_' 1b 0 -.00035
' 2b 0 .00175

_' 2b .00035 -.00035
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