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Abstract:

A good way to really understand something is to try to build it yourself from scratch. This paper takes this approach
to understanding the physical universe. We seek to build an autonomous model that produces known physics in a
completely self-contained manner, as a way of understanding how nature works, automatically and without any human
or other form of intervention, to produce the known universe. This approach leads naturally to a continuous-valued
cellular automaton model, with the standard wave equation as one of the simplest possible forms of interaction that does
anything interesting. Interesting indeed: Maxwell’s equations (in potential form) for the electromagnetic force obey
a basic wave equation (actually four of them). Furthermore, a small modification of the wave equation produces the
Klein-Gordon (KG) equation, which provides a good description of the propagation of a particle as a wave packet of
charge, which is strictly conserved by this equation. Somewhat amazingly, this simple KG equation captures most of the
major features of our physical universe, including special relativity and quantum → classical Newtonian mechanics. We
further refine our equations to produce coupled dynamics between the electromagnetic wave equations, and the second-
order Dirac equation for the electron/positron, which is a variant of the KG equation. Gravitation is also included, as a
wave-propagating field that alters the coupling constants for the other wave fields, to produce the space and time warping
of general relativity. Although still incomplete, we show how this model provides an extremely simple account of much
of known physics, including several emergent phenomena that come along “for free.” from more basic assumptions.
Standard objections to such an approach (e.g., lack of rotational symmetry) are addressed through the use of all 26
neighbor interactions in the second-order wave function. We conclude that there are no major objections to thinking that
this model provides an accurate description of reality.
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Introduction

This paper develops an autonomous model of funda-
mental physics, with the goal of designing and building
an accurate, working model of the known universe at the
smallest scale. All of the relevant concepts are developed
from the ground up, so it should be accessible to readers
with a wide range of backgrounds. Indeed, it has been
said that once we finally understand how the universe
works, it should be simple enough for anyone to under-
stand. It is not clear if the converse is also true, but the
model developed here is sufficiently simple that it should
be comprehensible with basic high school physics, and
basic calculus concepts (only the concept of a derivative
is really essential, and that is explained in detail here as
well). The comprehension of this material is aided by
computer explorations of this model, which is available
for download at http://psych.colorado.edu/
˜oreilly/realt.html. For purposes of having a
specific name for the simulation, the present theory is
known by the acronym REALT (Real-valued, Emergent,
Autonomous Liquid Theory).

For the knowledgeable physicist, the model we de-
velop is a continuous-valued (i.e., analog) cellular au-
tomaton (e.g., Bialynicki-Birula, 1994; Meyer, 1996) im-
plementation of electromagnetic wave propagation, and
electron charge propagation according to a second-order
Dirac wave equation. These two wave fields interact con-
tinuously, as in the neoclassical formulations of quantum
electrodynamics (Jaynes & Cummings, 1963; Crisp &
Jaynes, 1969; Barut & Van Huele, 1985; Barut &
Dowling, 1990; Crisp, 1996; Finster, Smoller, & Yau,
1999a; Radford, 2003; Masiello, Deumens, & Öhrn,
2005). Particle-like behavior emerges through this in-
teraction, as in the decoherence/einselection/existential
interpretation of quantum physics (Zurek, 2003a, 2003b;
Schlosshauer, 2004). Standard objections to such an ap-
proach, specifically anisotropic propagation on a regular
cellular grid, are addressed via a 26-neighbor interaction
stencil and the use of a second order Dirac equation, in-
stead of the standard first order version. Gravitation can
be introduced directly into this framework as a propagat-
ing wave field that also affects the distance metric of the
cellular grid, in accord with general relativity. This grav-
itational model can sustain stable black holes. The weak
force may be an emergent property of the electromag-
netic coupling to the charge wave equations. The strong
force, and the associated quark particles, have yet to be
incorporated into the model.

This paper does not introduce any fundamentally new
physics. Instead, it provides a different way of thinking
about the physics we already know about. At some point,
it might make testable predictions that would differenti-
ate it from other existing theories. However, for the time

being, the main point is to provide a simple, comprehen-
sible model for what we already know.

The overall approach is motivated by the fact that one
of the best ways to truly understand something is to de-
sign and build it yourself. If you want to understand
nature, you can design and build models that capture
important aspects of natural phenomena. For example,
the complex magic whereby the brain gives rise to hu-
man cognition is being productively tackled by building
computer models of networks of interacting neurons that
capture important aspects of different brain areas, and
how they contribute to our thought processes (O’Reilly &
Munakata, 2000).

Perhaps surprisingly, this modeling approach is not
a particularly well-trodden path in physics. Many read-
ers are probably familiar with attempts to develop “grand
unified theories” (GUT’s) or “theories of everything”, but
these theories do not take the form of working models
that can for example be implemented on a computer and
just initialized with some configuration of stuff, and then
left to run autonomously from thereon out. Instead, most
theories are cast in terms of analytic equations that can
be configured and solved to get answers to specific prob-
lems. For example, you can compute with great accu-
racy the energy levels of electrons in the hydrogen atom.
However, you cannot just initialize a model with a partic-
ular hydrogen atom configuration, and then set it going
and watch as the electron wave oozes around in its energy
orbit (at least not with high accuracy).

It is important to be clear at the outset that most
physicists would probably argue that it is fundamentally
impossible to even build such an autonomous model of
physics in the first place. The barriers are numerous.
Quantum physics seems to dictate that things are fun-
damentally indeterminate at the smallest scales. For ex-
ample, most would argue that demonstrations of quan-
tum entanglement and nonlocality would rule out the
existence of any kind of deterministic locally-computed
mechanisms (Einstein, Podolsky, & Rosen, 1935; Bell,
1966, 1987; Aspect, 1999). Furthermore, as we shall see,
the construction of our model will require a discretization
of space and time, with a lower bound on the smallest
spatial and temporal extents. This discreteness is seem-
ingly inconsistent with the dictates of relativity, which
requires physics to be invariant with respect to reference
frame. Furthermore, all of the relevant existing equations
of physics are cast as continuous differential forms that
assume a smooth spatial and temporal continuum, with
complete rotational, translational, and Lorentz symme-
tries.

We nevertheless can persevere in the face of these ap-
parent obstacles, and arrive in the end with a model that
has a number of promising characteristics. In my opin-
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ion, this model captures so many fundamental aspects
of physical reality with so few basic assumptions, that it
seems implausible that this is merely a coincidence. It
remains unclear if some of the above objections persist
for the model — more extensive tests on larger-scale im-
plementations of the model (or appropriate analysis) re-
mains to be performed. These issues will be revisited at
the end, with some arguments about why they are likely
to not apply to this model. Finally, the model is still miss-
ing several important ingredients, and thus remains a par-
tial account.

The paper proceeds through a sequence of design de-
cisions that must be made to construct the model. Every
attempt is made to motivate these decisions according to
various constraints such as overall simplicity, knowledge
of the relevant physics, etc. However, it is likely impos-
sible to derive this model in a purely axiomatic manner,
and readers may disagree with various choices along the
way. Therefore, like life itself, the soundness of each step
can only be judged by looking back after several such
steps have been made. We will pause at various “vista
points” along the way where we can look back and take
stock of the progress.

Autonomous Models vs. Analytic Equations

Before we begin, a few more words about the mod-
eling endeavor as compared with the more typical ap-
proach of deriving solutions to specific problems using
analytic equations. The overall goal here is to provide
a complete, self-contained description (in the form of a
running model) of the fundamental mechanisms of real-
ity. Therefore, our model cannot rely on any ongoing
input or intervention from us: if it is a complete, self-
contained description, it must be autonomous. In other
words, we want to understand how nature itself does the
computations that produce reality. At some level, this
level of description must exist. Unless one believes in
an all-powerful deity that is constantly running around
solving complicated math problems all over the universe,
there must be some kind of basic set of mechanisms that
cause the universe to evolve over time. These mecha-
nisms have to be universal and autonomous. This is what
we seek to describe with our model.

In this endeavor, we inevitably end up having to posit
that there is some basic, fundamental stuff, which cannot
be further subdivided or depend on yet more fundamen-
tal mechanisms. This is the classic approach that physics
has made from the time of the Greek atomists. This fun-
damental mechanisms business is clearly fraught with
problems: particles that used to be the most fundamen-
tal are subsequently split into further parts, etc. Further-
more, it is difficult to reason sensibly about such mech-
anisms: how do you evaluate what seems plausible as a

fundamental mechanism? The history of physics is lit-
tered with attempts to impose “plausible” constraints on
fundamental mechanisms, without much luck. Instead,
what seems to have worked best is to simply follow the
facts, and derive equations that explain the results that
are actually obtained in experiments.

This pragmatic approach has reached its zenith in the
current “standard model” of physics, which has a very
unsatisfying, cobbled-together feel, but provides a good
description of the facts as we know them. At the other
end of the spectrum is modern string theory, which has
the promise of being more elegant, but requires some
fairly radical fundamental mechanisms (e.g., curled-up
hidden spatial dimensions). It is critical to appreciate that
either of these approaches could be correct. We have no
a priori reason to believe that the universe should operate
in one way or the other. Nevertheless, it remains the case
that the simplest theory that accounts for all the data has
a strong advantage in plausibility (i.e., Ockham’s razor).
What we attempt to do here is argue that our model sim-
ply and elegantly produces many of the most central as-
pects of known physical reality. Hopefully, we can then
derive some distinctive predictions from this model, that
can then be used to test its predictive validity relative to
other models.

As we go through the paper, we end up develop-
ing the specifications for a computer program (available
for download at http://psych.colorado.edu/
˜oreilly/realt.html) that can be run to simu-
late some very small piece of the universe. Does this
mean that we actually think that the universe is a very,
very large computer simulation (e.g., as in the Matrix
movies)? No. We are attempting to build a model, and
the computer just provides a convenient means of im-
plementing the model. We believe that the stuff that the
model does is just a description of what there is at a fun-
damental level in reality. Indeed, what distinguishes this
modeling endeavor from all others is that we are attempt-
ing to model the most fundamental “mechanisms” of the
universe — if you hypothesize that these mechanisms
are actually implemented by some other thing, then you
haven’t described the most fundamental level of mecha-
nism.

Where to start? In other words, what is the most ba-
sic thing in the universe that we want to construct first?
Mass? Energy? Particles? Actually, we want to start with
something even more simple and basic: nothingness. Ar-
guably, nothingness is the simplest possible state of the
universe, and it makes sense to begin there.
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Empty Space

From a purely pragmatic perspective, we begin with
the idea that whatever else in our universe we want to add
later, we first need some place to put it: empty space. In
concrete terms, think of a construction project, for ex-
ample building a house. You start by establishing the di-
mensions of the thing, and situating it within the rest of
the environment. Often this occurs in a drawing program
(or a simple piece of paper), where the first step is to es-
tablish the scale: one inch equals one foot, for example.
Once this is established, then all the different parts of the
object can be related to each other using this common
reference frame. In our construction project of building
the universe, we begin in the same way, by establishing
this basic reference frame of empty space within which
everything else can be constructed.

The history of the thought in physics and philosophy
is rife with debate about the nature of empty space (Genz,
2001). From Newton’s time through the late 1800’s it
was generally believed that space provided an absolute
and immutable stage for physical processes, and that
there was a “liminiferous aether” that pervades space and
serves as a medium for the propagation of light. This idea
was replaced with Einstein’s general theory of relativity,
where space is a function of mass/energy: space does
not exist independent of the stuff of the universe, and is
shaped by this stuff. More recently, quantum field theory
has somewhat stealthfully reintroduced a kind of aether,
a background field where the vacuum (empty space) has
very specific and physically measurable properties.

Even though it is controversial to posit a notion of
empty space as a container of everything, this allows us
to get started with our model and solves a large num-
ber of problems. It is actually quite unclear how one
could proceed otherwise: where do you put the initial
configuration of mass and energy in your model, if you
do not have some kind of grid of locations? In analytical
physics, such a grid is always assumed (and required for
performing calculations), but somehow it is thought that
nature itself can go without. Anyway, one could debate
this issue in abstract terms for a long time, but it is more
productive to simply proceed with our empty space grid,
and show that it actually works. If someone can come
up with an alternative autonomous model of physics that
doesn’t require such a grid, then we can have reevaluate
our assumptions.

As we proceed, we need to keep in mind the key data
point that has led people to think that empty space does
not exist: the famous Michelson-Morley experiment in
1887, which tested for the existence of the liminifer-
ous aether as a fixed reference frame against which the
Earth’s circular orbit around the sun could be measured.

If there is a fixed reference frame, a circular path will cer-
tainly put you at all different directions of motion relative
to it, and this should have detectable effects on the prop-
agation of light as the Earth moves around; turns out it
doesn’t. This experiment provided one of the major mo-
tivations for Einstein’s theory of relativity, which holds
that there is no privileged reference frame — all frames
of reference are intrinsically relative. Thus, people argue
that empty space cannot exist because it would appear
to constitute a privileged reference frame, in violation of
relativity.

However, it is a surprisingly underappreciated fact
that the Michelson-Morely result (and relativity more
generally) is perfectly compatible with a privileged
empty space reference frame as long as your equations
for the stuff in that space are of a particular form (Bohm,
1996). The net result is that the reference frame becomes
invisible (at least above a certain size and time scale) —
it leaves no measurable trace. For our model, it turns out
that this happens automatically, based on other more ba-
sic considerations, and not just to satisfy relativity. Thus,
relativity emerges as a necessary consequence of the ba-
sic structure of our model, which fundamentally requires
a fixed empty space reference frame.

Already, we’re starting to see an important difference
from taking the perspective of actually implementing an
autonomous model of the universe. Theoretical physi-
cists tend to take an analytical perspective on the world,
and pick and choose their problems. They spend a lot
of time developing specific reference frames for specific
problems, and converting back and forth between them.
The fact that there is no privileged reference frame seems
like such a general (and perhaps improbable) principle
that it has become elevated to one of the most important:
this is the basis for relativity.

However, if you think about actually implementing
this thing as an autonomous system, absolute relativity
quickly loses much of its lustre. It is just a hassle to con-
vert back and forth between different reference frames,
and it only makes the system more complicated (indeed,
impossible at least for now). Thus, what is simple, pure,
and primary depends very much on your perspective.

Enter the Matrix

So, after all that, what does empty space look like
anyway? Well, it has three spatial dimensions. Anything
else? Maybe not. So how do we build an empty three-
dimensional space, which can then hold mass/energy and
charge? Cubicles, of course! Let’s design empty space
as a matrix of tiny uniform cubes.

Should these tiny cubes be different from each other
in any way? Probably not a great idea: let’s keep it sim-
ple and make them all identical.
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Figure 1: Cubic tiling of space, showing centers of cells
as nodes, with all 26 neighbors of a given cell shown. This
is the neighborhood over which cells interact, with influence
weighted as the inverse of squared distance (as shown).

When does this volume of cubes end? Is there a fixed
number of such cubes? In our computer model, yes, but
maybe not for the real universe. If the universe were to
end at some point, that would imply some kind of some-
thing else outside of it. Furthermore, the edge would
constitute a special point in space: it would violate the
uniformity of physical law. Therefore, the most plausi-
ble situation is an infinite universe in spatial extent. This
has the same mind-numbing character as positing some
kind of fundamental mechanisms — why does it exist at
all? How could it go on for an infinity? Nevertheless,
the alternative (some kind of termination point) seems
just slightly more implausible. In any case, this doesn’t
really affect us until we start talking about cosmology,
later.

How big should these cubes be? As long as we’re
considering infinities, how about just making them in-
finitely small? The problem with this is that we could
never implement even a small part of the system — it
would require an infinite number of cubes even for the
smallest part of space. This is impractical, to say the
least. So, let’s make the cubes a given fixed size. Na-
ture provides a nice value for this size in terms of some
fundamental physical constants:

lp =

√

(hg)

c
= 1.6162x10−33cm (1)

This length is called Planck’s length, derived by Max
Planck, and it is very small.

Is there anything else we can do with empty space?
We don’t want to add too much or it won’t be empty
anymore!

Stuff and Change

Now we need to add something to our empty space.
What? The simplest possible thing we could add is a
single binary bit of information: a state that can take on
one of two different values. Let’s give this a try: each

cell has its own binary state.
Should these states change? If not, nothing interest-

ing is going to happen. How should the change occur?
We have two options. One is that it changes on its own,
and the other is that the change depends on other states.
If it changes on its own, then no information could ever
move across space; each cell would be an island. So we
want change to be a function of other states.

Which states? The simplest thing would be to use
the nearest neighbors. There are 26 such neighbors in
three dimensional space, for a regular cubic arrangement
of states (Figure 1).

What rule should we use for this interaction? It
would be simplest to treat all neighbors the same. And
we ultimately need to reduce all 26 of them to a single
value, which is our new state value. The most general
form of this function, in a quasi-mathematical form, is:

new state = some function(current state,
another function(neighbors)) (2)

The idea here is that functions are specified as taking ar-
guments (the values in the parentheses), and this equa-
tion states that the new state value is some function of
the current state and the neighbors, where we specifically
allow for some other function that reduces the neighbors
to a single value. Although such equations are very easy
to read, they become very cumbersome when the num-
ber of terms increases, so inevitably we are driven to in-
troduce shorter variable and function names (typically a
single, somewhat cryptic letter). Hopefully, as we con-
tinue to re-use the same variables over and over again,
they will become more familiar, and the equations eas-
ier to read. Anyway, in these more abstract terms, our
equation reads:

st+1
i = f(st

i, g(N t
i )) (3)

where we have made the following variable assignments:

new state = st+1
i

current state = st
i

some function = f()

another function = g()

neighbors = N t
i (4)

Thus, s represents the state value at each point, and
the subscript i denotes a particular point in space (you
could alternatively use 3-dimensional cartesian coordi-
nates (x, y, z)), and the superscript (e.g., t) indicates the
point in time. Thus, the new state is the next point in time
t + 1, whereas the current state is at the current point in
time t. The neighborhood N t

i is the set of nearest neigh-
bors relative to the central point i, and the superscript
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t again indicates that we take the state values of these
neighbors at the current point in time.

Note that we have introduced time as a fundamental
property of the system, which enables the stuff in it to
change. We could conceivably introduce update rules
that involve states at earlier points in time t − n, but
this would require keeping all these state values around.
Therefore, we start with the simplest assumption, that
time only exists in the transition between the present mo-
ment and the very next moment in time; all other prior
states are lost.

What we have just described, in abstract terms, is
a cellular automaton (CA). Such a system was first de-
scribed by Stanislaw Ulam (Ulam, 1952), and has been
popularized in its two-dimensional form in “the game of
Life” by John Conway (described by Gardner, 1970). In
this CA (widely available as a screensaver), there is a
two-dimensional grid of squares, with each square hav-
ing 8 neighbors (instead of the 26 in three-dimensional
space). The function g is simply the sum of the neigh-
bor’s states (i.e., the number of neighbors having a 1 state
value), which we can express as follows:

g(N t
i )) ≡

∑

j∈Ni

st
j (5)

(where j is now an index over the 8 neighboring states in
two-dimensions, as contained in the set Ni). The func-
tion f takes the form roughly of a binary n-shaped curve,
where too low or too high values of the neighbor sum
return 0, whereas a “just right” range of 2-3 returns 1:

f(st
i, g(N t

i )) ≡






1 if (st
i = 0) ∧ (g(N t

i ) = 3) (cell born)
1 if (st

i = 1) ∧ (g(N t
i ) = {2, 3}) (staying alive)

0 otherwise (death)
(6)

(the logic for the last condition is that death occurs either
through loneliness or overcrowding). As you can see, the
function f also depends on the current state of the cell, in
addition to the neighbors. A more intuitive explanation
of the rules is given to the right, where state 0 is con-
sidered a “dead” cell, and state 1 is considered “live”,
and the density of neighbors is reflected in the sum com-
puted by g, producing either “overcrowding” (g > 3) or
“loneliness” (g < 2). As anyone familiar with this sys-
tem knows, it can produce remarkably complex emergent
properties, with stable and chaotic patterns of 1’s and 0’s
flickering across the screen.

But can it produce physics? Konrad Zuse and
Ed Fredkin are some of the early pioneers in arguing
that CA’s have many interesting properties that are also
shared by our universe (Zuse, 1970; Fredkin & Tof-
foli, 1982; Fredkin, 1990), and Stephen Wolfram’s re-

cent book (Wolfram, 2002) builds on his longstanding
work on CA’s (Wolfram, 1983, 1984b, 1984a) to argue
that CA-like systems can provide a new way of thinking
about all fields of science. Others have shown how CA’s
can model physical processes like diffusion of gasses
(Toffoli & Margolus, 1990). I recommend William
Poundstone’s excellent popular press book (Poundstone,
1985) for a clear and compelling exposition of how a
simple cellular automaton has many interesting proper-
ties that are also shared by our universe.

One of the most general and important properties of
most CA’s is that they exhibit a fixed rate of information
propagation: one cell per time step. This is aptly referred
to as the “speed of light” in such systems, and it is the
first example where our basic assumptions have resulted
in emergent properties that fit with reality. As hopefully
everyone knows at this point, the speed of light in a vac-
uum exhibits a fixed upper limit, denoted c, of roughly
300 million meters per second.

In short, by a simple consideration of empty space
and the simplest form of changing stuff that can occur
therein, we arrive incidentally at a fundamental property
of our universe: that nothing can propagate faster than
some fixed upper speed. Otherwise, such a fixed up-
per bound would appear somewhat arbitrary; instead, we
can see it as an inevitable and fundamental consequence
of our basic assumptions about the nature of space and
time. Note that these are most definitely not the same as-
sumptions that led Einstein to dwell on this fixed speed
of light.

Despite all the promising efforts, nobody has yet
come up with a binary-state CA system that produces
something like fundamental physics. However, by intro-
ducing continuous-valued state variables (instead of bi-
nary states), several researchers have been able to model
the evolution of fundamental quantum wave functions
(Bialynicki-Birula, 1994; Meyer, 1996) (more about this
work later).

The introduction of continuous-valued states would
seem to represent a significant increase in the complex-
ity of the system. From a the perspective of implement-
ing the system on a computer, a single binary state is the
most fundamental entity, and continuous valued numbers
are only available in approximate form via floating point
numbers, which are composed of binary states (bits).
Thus, it would seem that using floating point numbers
to represent state values would imply some kind of more
basic underlying binary state mechanism. However, this
is an example of the incorrect application of the computer
metaphor onto thinking about the fundamental mecha-
nisms. We get to posit these fundamental mechanisms as
being whatever we want. If it turns out that continuous-
valued states are the only thing that does the job, then
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that is what we’ll have to posit. Perhaps it helps to think
of it as an analog computer, instead of a digital one. In
any case, we cannot know or care about how such a state
value would be implemented: it becomes a fundamental
mechanism that “just is.” It bends the mind, but perhaps
not more so than the mere fact that something at all exists
in the first place.

There is an important sense in which continuous-
valued state makes the overall system simpler. To get
interesting behavior out of binary CA’s, the function f
needs to be non-monotonic (as in the game of Life shown
above), and in many cases (e.g., gas diffusion CA’s),
the neighbors are not all treated the same. Furthermore,
the range of motion that a discrete system can exhibit
is much more constrained: a discrete bit of information
can propagate in only one of 26 different directions in
our three-dimensional cubic lattice. Except in special cir-
cumstances, these preferred directions of motion lead to
macroscopic asymmetries in the system. In other words,
the underlying reference frame of the system ceases to
be invisible, in conflict with the requirement stated above
that it disappear for any observer within the system.

In contrast, as we’ll see in a moment, with
continuous-valued state variables it is possible to have
very interesting physical behavior emerge out of a sim-
ple continuous-valued sum of the neighbors values.
Thus, the functions become simpler when you intro-
duce continuous-valued states, and one might plau-
sibly argue that this functional simplicity outweighs
any perceived cost associated with introducing analog
continuous-valued states. Furthermore, the continuous-
valued states enable things to move in a very smooth and
continuous manner across different states, such that the
underlying cubic matrix reference frame disappears.

The Wave Equation

So let’s see what happens when we introduce a single
continuous-valued state variable, and use a very simple
neighborhood function g that computes the average value
across our neighbors:

g(N t
i ) ≡ 1

26

∑

j∈Ni

st
j (7)

where this function just sums the neighbors state values,
and then divides by the total number of neighbors, to pro-
duce the average neighbor value.

What happens if we simply set the next state of the
current cell i to be this average of its neighbors?

st+1
i = g(N t

i ) (8)

Turns out, not much. Any initial pattern of state values

you start with simply melts away into a uniform flat state
space.

Probably we need to somehow take into account the
current state value st

i. We could compute the difference
between this and the neighborhood average value. In
physical terms this would represent something like the
“tension” or “stress” associated with different points hav-
ing different state values. We could imagine that the sys-
tem works to reduce this tension or stress, by subtracting
it away from its current state value:

st+1
i = st

i + (g(N t
i ) − st

i)

= g(N t
i ) (9)

Oops — this amounts to the same thing that we already
did, as you can see when the two st

i terms cancel each
other out! It does provide a little more insight into what
happened before: the system does an excellent job of re-
ducing this stress from having different state values at
different points, and very quickly eliminates it by mak-
ing all points equal. We refer to this as the equilibrium
state — a state without tension where the system will
persist indefinitely.

What if we used this tension to drive the rate of
change of the state variable, instead of directly chang-
ing the state variable itself? To do this, let’s introduce a
new variable, which is the first temporal derivative (i.e.,
the rate of change, or velocity) of the state value at each
point. We denote this as ṡ (“dot s” or “s dot”), and update
it according to the “tension” difference:

ṡt+1
i = ṡt

i + (g(N t
i ) − st

i) (10)

and then we update the overall state variable with this
rate of change variable:

st+1
i = st

i + ṡt+1
i (11)

At this point, something of a miracle occurs. You
suddenly get waves propagating through space! We will
spend the rest of this paper exploring the properties of
this equation, and simple extensions to it — we will see
that an incredible amount of fundamental physics de-
pends on the amazing properties of this simple equation.

Because this is such an important equation for ev-
erything that follows, we provide a plain-English trans-
lation of the wave equations, starting with the state vari-
able, and working down. We also introduce an accelera-
tion (new accel) term, which is just the tension or stress
caused by neighbors having different state values. We
can write this in corresponding mathematical notation as
s̈ (“double-dot s” or “s double-dot”). Thus, the wave
equation are:

new state = old state + new velocity
st+1

i = st
i + ṡt+1

i (12)
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... ...

i−1 i i+1s s s

i−1f
i+1f

Figure 2: A physical visualization of the wave field dynamics
as idealized point masses (metal balls) that can only travel in
the vertical direction (e.g., due to being strung through a metal
rod, with no friction of course), which are connected to their
neighbors via idealized springs. These springs communicate
force to the balls, where the force is linearly proportional to
the difference in height between them. Thus, the state variable
si is the height of the ball, and the force is the stretching of
the spring f . Each ball experiences a net force (shown by the
arrows) equal to the average difference in its state relative to
those of its neighbors. The metal balls have momentum, so
once they get accelerated by this displacement force, they keep
going and overshoot their neighbors, causing continued oscil-
lation and wave motion.

new velocity = old velocity + new accel
ṡt+1

i = ṡt
i + s̈t+1

i (13)

new accel = avg of neigh states − old state

s̈t+1
i =





1

26

∑

j∈Ni

st
j



− st
i (14)

The intuitive reason that these waves arise is because
the tension force that drives the velocity of the wave
accumulates over time, and causes each point to “over-
shoot” the flat equilibrium state and keep moving across
to the “other side” (e.g., if it was “above” its neighbors
before, it overshoots and moves “below” them). As it
keeps going past this equilibrium state, it starts building
up tension in the opposite direction, which eats away at
the velocity, and eventually causes it to reverse direction,
where the cycle repeats itself all over. A physical analogy
to this dynamic (but not a proposed “mechanism” for our
model; our waves are fundamental and just exist on their
own) is shown in Figure 2, in terms of small metal balls
attached to springs that couple neighbors to each other.

This basic dynamic should be familiar to you as a
simple harmonic oscillator, exemplified by a pendulum.
Gravity pushes on the pendulum (like the tension in the
wave equation), but the momentum of the weight at the
end of the pendulum causes it to overshoot the bottom
equilibrium position, resulting in oscillations. Unlike a
single pendulum, each point in our wave system is si-

wavelengthamplitude

Figure 3: Basic wave terminology: wavelength and amplitude.
Frequency is the inverse of wavelength: the number of waves
per unit distance (or oscillations per unit time).

multaneously impacting the velocities of its neighbors,
and these oscillations start spreading all over the place.
I strongly encourage the reader to spend several hours
playing with these waves in the simulation model — they
are endlessly fascinating and beautiful. They should also
be very familiar — these really are very much like the
everyday waves that you experience in water and other
media. Interestingly, because they do not have any fric-
tion, they have a somewhat magical ability to keep going
forever.

In the following sections, we explore some of the
more important properties of this wave equation system.

Basic Wave Terminology

Given that we’re going to be talking a lot about
waves, let’s review some basic wave terminology (Fig-
ure 3):

• Wavelength: the distance between two successive
peaks or troughs or any “identical” place on two ad-
jacent waves.

• Frequency: the inverse of wavelength, which is the
number of waves per unit distance (or time).

• Amplitude: the height of the wave.

Linear Superposition

One of the most amazing properties of waves, which
you can observe in the computer exploration, is their
ability to exhibit linear superposition, which means that
different waves can add together linearly without disrupt-
ing each other. For example, two wave packets mov-
ing toward each other will pass right through each other
(with considerable chaos as they do), but then amazingly
emerge out the other side unscathed, exactly as they ap-
peared before the “collision” (Figure 4). Some aspects
of physics also exhibit this superposition property (e.g.,
electromagnetic radiation), and others do not. We argue
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Before: Waves About To Collide
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After: Waves Fully Recovered

Figure 4: Sequence of three states showing two wave packets colliding with each other, linearly superposing as they pass through,
and magically reappearing out the other side, completely unscathed by the whole thing. It seems nearly impossible to imagine that
the entire complexity of the two independent wave packets is contained within the middle superposed state. We are not showing the
velocity values, which contain a lot of important information about the superposed states, but they also undergo similar dramatic
transformations during superposition.

later that this phenomenon is sufficiently counterintuitive
that various aspects of quantum physics that seem very
strange may actually make sense if we could really un-
derstand superposition.

Spatial Symmetry of Wave Propagation

As noted earlier, all physics appears the same regard-
less of the relative motion of the reference frame in which
you measure it. This means that our waves should propa-
gate smoothly in all directions relative to the underlying
grid, otherwise things would look different depending on
one’s orientation relative to this fixed grid. Fortunately,
detailed examination of this system shows this to be the
case (O’Reilly & Beck, unpublished manuscript). The
reader can verify this themselves in the computer simu-
lation program, by starting with a Gaussian initial state
(which resembles a raindrop hitting a pond), and observ-
ing that the resulting waves propagate outward with near-
perfect spherical symmetry in all directions.

Technically speaking, the wave propagation is not
100% perfect when the waves are very high frequency
(i.e., wavelength on the order of the grid cube size).
Therefore, a skeptic might argue that this represents a
problem for the model. However, waves of such a high
frequency require such a huge amount of energy to cre-
ate (the energy of a wave is proportional to its frequency)
that it is very improbable that such a thing could ever
be created. Even the highest frequencies ever measured
represent billions of grid cubes in wavelength, where the
symmetry of wave propagation in different directions is
essentially perfect. It is critical to keep in mind how ex-
ceedingly tiny these cubes are: 1.6162x10−33 cm is al-
most unimaginably tiny, and this allows things to appear
very smooth to observers within the system.

An apt analogy for all this comes from the technol-
ogy of computer displays (and other digital image rep-

Figure 5: Illustration of antialiasing, where the discrete under-
lying grid (e.g., the pixels of a computer screen) is made much
less apparent through the use of graded, continuous-valued col-
ors in rendering the line, which also spreads across multiple
pixels. Similarly, in our model, the hard edges of our dis-
crete space and time system are softened through the use of
continuous-valued state variables, and wave functions that are
broadly distributed across space.

resentations, for example a digital camera). As most
readers probably know, a computer displays informa-
tion in terms of pixels, and the more such pixels, the
smoother the display appears. This is particularly impor-
tant for curved or angled lines and in text, where in low-
resolution displays, one often sees “jaggies” or chunky
lines (technically known as aliasing effects) (Figure 5).
This is an example of the “fixed reference frame” of
the display showing through. As you move to higher-
resolution displays with smaller pixels, these display ar-
tifacts go away. In these terms, nature provides an ex-
ceedingly high resolution display.

There is another important way to deal with these
aliasing problems, which is to use smoothing (“anti-
aliasing”) algorithms to soften the sharp edges of lines
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(Figure 5). The appropriate use of anti-aliasing can in-
crease the apparent resolution of a display markedly. In
effect, the use of continuous-valued state variables in our
wave equation amounts to a form of anti-aliasing, in con-
trast with discrete-state cellular automata models, which
are prone to exhibit physical “jaggies” (spatial asymme-
tries). The wave equation causes state values to flow
smoothly across the grid boundaries, and this smooths
out spatial asymmetries. See (O’Reilly & Beck, unpub-
lished manuscript) for a more technical discussion.

Inverse Square Laws

Another critical property of the wave equation is that
it automatically produces the inverse square law for force
fields, which is characteristic of both the electromagnetic
and gravitational forces (Whittaker, 1903). Specifically,
if one imagines that the state variable in the wave func-
tion represents a potential field (e.g., the electric potential
A, or the gravitational potential), then this potential falls
off as a function of 1

r
with increasing distance r from the

source of the potential. When this potential is then trans-
lated into a force, it has a magnitude of 1

r2 , which is the
inverse square law.

It is easy to see this in the computer exploration, by
“clamping” a fixed driving force at a small neighborhood
of points, and then observing the wave propagation of the
field out beyond that. The wave state values fall off as 1

r
,

as derived by (Whittaker, 1903).

Mathematics of the Wave Equation

To explore further properties of these waves, it is
necessary to introduce some additional terminology and
mathematics. The tension or stress term that we dis-
cussed above as driving the wave oscillation ((g(N t

i ) −
st

i)) is more formally characterized as the force acting on
the state, and this produces a corresponding acceleration,
according to the familiar F = ma or a = 1

m
F equations.

We haven’t really talked about the mass term m, but it
is entirely possible to introduce one — increasing this
value will slow down the rate of wave propagation, and
decreasing it will speed it up (we’ll see later that the cu-
rious time distortion effects of gravity can be explained
in this way). We can write the acceleration in terms of a
double-dot on the state:

s̈t+1
i =

1

26

∑

j∈N
st

j − st
i (15)

and then the velocity update is simply:

ṡt+1
i = ṡt

i + s̈t+1
i (16)

Followed by the usual state update from the velocity:

st+1
i = st

i + ṡt+1
i (17)

(negative) (positive)

=

(zero)

x

y

dy
dx

Figure 6: Illustration of a derivative, which is just the slope of
a function, or “rise over run” or change-in-y over the change-
in-x, which is expressed as dy

dx
or ∂y

∂x
.

Therefore, the overall dynamic is that a force drives
an acceleration, which increments a velocity, which then
increments a position term (which is the state variable it-
self). It should all be easily understandable straight out
of classical Newtonian physics taught in high school. As
we’ll see in a bit, the acceleration term is not numeri-
cally 100% accurate to produce a mathematically pure
wave function, but it is a close enough approximation for
present purposes.

The above equations are all for a system where time
and space come in discrete chunks, which we argue is
a more plausible physical model than a pure continuum
with infinitely small spatial and temporal divisions. Nev-
ertheless, it is quite useful mathematically to be able to
describe the wave equation using continuous functions.
For one thing, this is how all of existing physics is done,
and to understand it and incorporate it into our model,
we’ll need to use these functions. Also, they allow vari-
ous general properties of the system to be analyzed in a
straightforward way.

In essence, the continuous version of the wave equa-
tion simply amounts to replacing the discrete velocity
and acceleration variables from the above equations (ṡi

and s̈i) with continuous differential operators, or deriva-
tives. Velocity corresponds to a first-order temporal
derivative ∂s

∂t
, and acceleration is a second-order tempo-

ral derivative ∂2s
∂t2

. All derivatives just express rates-of-
change or slopes (Figure 6). The notation reflects this,
in that they express the classic “rise over run” formula
for computing the slope of something: the numerator is
the “rise” — how much the value changes for every unit
of change in the denominator (the “run”). In this case,
it is time t that is the “run” variable in the denominator,
and our state variable s in the numerator. The ∂ sym-
bol is a fancy version of a d, which in turn is short for
“delta,” which means change (∂ is a partial derivative,
meaning that there may be other variables you could put
in the denominator and measure slopes relative to; d is
used only when there is a single relevant variable). So,
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∂s
∂t

just means the delta or change in state s as a function
of the change in time t. ∂2s

∂t2
is just ∂s

∂t
done twice: it is the

rate-of-change of the-rate-of-change of s with respect to
time. The only tricky bit is that ∂t gets infinitely small,
and through the magic of calculus, you still don’t end up
dividing by zero.

According to the above equations, the left-hand-side
of the continuous wave equation should be the accelera-
tion term, ∂2s

∂t2
, which is equivalent to s̈i. Interestingly,

the right-hand-side of the equation involves second order
spatial derivatives, which are the rate-of-change of the-
rate-of-change of s over different directions in space:

∂2s

∂t2
=
c2

m

(

∂2s

∂x2
+
∂2s

∂y2
+
∂2s

∂z2

)

(18)

where ∂2s
∂x2 is the “curvature” of our state along the x axis

through space, ∂2s
∂y2 is curvature along y, etc. Also, you

can see that, for completeness and accuracy, we’ve in-
troduced a speed-of-light factor c, and a mass term m,
which are general parameters that we usually ignore in
our CA model (where both end up being equal to 1). We
will now proceed to set them to 1 and ignore them again.

The second-order spatial derivatives on the right-
hand-side of this equation can be written with a single
symbol, called the laplacian ∇2:

∇2 =

(

∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)

(19)

which makes the whole wave equation nice and compact:

∂2s

∂t2
= ∇2s (20)

So how does our previous set of CA equations map
onto this second-order differential equation? Basically,
this wave equation assumes the incrementing of velocity
by acceleration, and incrementing of position by velocity
that we wrote out before. This is all implied by simply
writing everything in terms of second-order derivatives.
So, to compare with our previous equations, we need
only focus on the acceleration term, which we wrote as:

s̈t+1
i = g(N t

i ) − st
i (21)

We have already noted that s̈t+1
i is effectively the same

thing as ∂2s
∂t2

, so we are left with the puzzle of how
1
26

∑

j∈N st
j − st

i is the same as
(

∂2s
∂x2 + ∂2s

∂y2 + ∂2s
∂z2

)

or

∇2s. As we show in the next section, when we try to
compute a discrete space & time version of the laplacian
operator ∇2, we end up with an expression very much
like 1

26

∑

j∈N st
j − st

i.

ii−1 i+1

+

_
D

D
ε ε

Figure 7: Discrete differential operators for computing gradi-
ents. Along each dimension, the best approximation is to take
the average of the two one-sided operators.

The Discrete Laplacian
[Note: Following every last detail of this section is

not critical for the rest of the paper, so you can read it
quickly and come back later to work through the details
if you are interested.]

First, we start by computing a discrete version of the
continuous spatial differentiation operator ∂s

∂x
(Figure 7).

All this function does is compute the slope of the line at a
given point. If we first consider a single dimension (e.g.,
the x axis), then there are two different ways we could
get the slope, relative to the point before us (−), or after
us (+)):

D−si =
(si − si−1)

ε

D+si =
(si+1 − si)

ε
(22)

where ε represents the spacing between adjacent points
(i.e., the width of the cells in the CA), and the discrete
difference operator D is just taking the slope of the line
to neighboring points (i.e., rise-over-run, or y

x
).

The best approximation to the overall continuous
slope (gradient) comes from taking the average of the
two directional operators, wherein the value of the state
at the current location i actually cancels out:

∂s

∂x
≈ 1

2
(D+si +D−si)

=
1

2ε
(si+1 − si−1) (23)

This averaging is obviously critical, for example at a lo-
cal peak, where the gradient is roughly zero, but would
be either positive or negative depending on whether you
used D− or D+ if you weren’t using averaging

To compute second order spatial derivatives ∂2s
∂x2 , we

take the difference of the two difference operators, D−

and D+:

∂2s

∂x2
≈ (D+si −D−si)

ε

≈ 1

ε2
[(si+1 − si) − (si − si−1)]

≈ 1

ε2
(si+1 + si−1 − 2si) (24)
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If we then use this discrete second-order difference
operator on all three axes, we end up with:

∇2s =
∂2s

∂x2
+
∂2s

∂y2
+
∂2s

∂z2

≈ 1

ε2
(

s(1,0,0) + s(−1,0,0) + s(0,1,0) + s(0,−1,0)+

s(0,0,1) + s(0,0,−1) − 6si

)

≈ 1

ε2

∑

j∈Nfaces

(sj − si) (25)

were we introduce the notation of Nfaces to indicate the
set of 6 face-wise neighbors of a given cell.

This is now starting to get a bit closer to the form
that we used in our original CA wave update equation.
We can extend the logic above from 6 neighbors to all 26
neighbors (O’Reilly & Beck, unpublished manuscript),
to end up with an equation that looks like this:

∇2si =
∂2s

∂x2
+
∂2s

∂y2
+
∂2s

∂z2
≈ 3

13

∑

j∈N26

kj(sj−si) (26)

where kj is a factor that weights the different neighbors
differentially according to their distance from the central
point, where d is the Euclidean distance to the neighbor
j:

kj =
1

d2

faces: kj = 1

edges: kj =
1

2

corners: kj =
1

3
(27)

This is numerically very similar to our acceleration
term from before, which we can see by writing out the
definition of g and including it with the st

i difference
term:

1

26

∑

j∈N26

(sj − st
i) (28)

(moving the st
i into the sum and dividing by 26 is the

same as just having it outside the sum, as we had written
it before). The primary difference is that the mathemat-
ically correct version of the equation (26) weights the
neighbors differentially depending on how far away they
are from the central point. The overall difference in the
actual computer model results is virtually indistinguish-
able to the naked eye.

To be perfectly complete and concrete, the model
now operates according to the following equations:

s̈t+1
i =

3

13

∑

j∈N26

kj(sj − si) (29)

ṡt+1
i = ṡt

i + s̈t+1
i (30)

st+1
i = st

i + ṡt+1
i (31)

So, now we know that our simple CA model (prop-
erly augmented with equation 26) is computing a highly
accurate discrete-space and time approximation to the
continuous wave equation. As we show in (O’Reilly &
Beck, unpublished manuscript), this approximation ex-
hibits a very high degree of spatial symmetry, such that
waves propagate outward from a given point in all direc-
tions at the same speed, with the same magnitude, etc.
This high degree of symmetry is due to the use of all 26
neighbors in the computation. Furthermore, it depends
critically on the second-order nature of the wave equa-
tion. Other first-order versions of wave equations do
not exhibit such natural symmetry in three dimensions
(Bialynicki-Birula, 1994).

Space-Time Notation for Waves
The basic wave equation can also be expressed using

a form of mathematical notation that was developed (ini-
tially by Minkowski) for dealing with Einstein’s special
relativity theory. This notation will become important in
the latter parts of this paper, where certain equations are
much more easily derived using it. We will revisit this
notation then, but it might help to get a few repeated ex-
posures to it, so we provide a brief introduction here.

Hopefully most readers are generally aware that
weird things happen to both space and time in special
relativity. For example, both time and space can contract
or expand, depending on how fast you’re moving. We
mentioned some of these effects earlier, in the context of
our discussion of relative reference frames. To represent
these effects, it is useful to have a single entity that rep-
resents both the space and time coordinates of a given
“event.” This entity is called a four-vector because it has
four coordinates: one for time and three for space, so for
the point a in space-time, we have:

aµ = (t, x, y, z)

= (at, ax, ay, az)

= (a0, a1, a2, a3) (32)

(we’re assuming natural units where c = 1 here — if it
wasn’t, you’d need to write ct instead of just t). This
form of writing the four-vector is called the contravari-
ant form, and is indicated by the use of superscripts to
denote the different elements. Thus the little µ (Greek
“mu”) superscript means that this is a contravariant vec-
tor, and further that µ goes from 0..3 in counting out the
different items in the vector, as shown.

The reason we care what the superscript version of
the four-vector is called is because there is another ver-
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sion called covariant, which uses subscripts:

aµ = (t,−x,−y,−z)
= (at,−ax,−ay,−az)

= (a0,−a1,−a2,−a3) (33)

(the entire scheme seems diabolical to me!) The only dif-
ference is that the covariant form has minus signs on the
spatial terms. This form is called covariant because one
of the key features of special relativity is that, in some
abstract sense, time = space. Let’s write that out in an
equation, just using x to represent space (and t for time):

t = x

t− x = 0 (34)

This captures the essential reason for the covariant form:
if time and space are equal (i.e., they co-vary, or are co-
variant), then they should have opposite signs (you could
have just as easily written x − t = 0, and in fact some
authors do that, just to be even more dastardly).

So what does any of this have to do with the wave
equation? We’re just two short steps away from that.
First, we need the definition of multiplying two four-
vectors:

a · b ≡ aµbµ = aµb
µ

≡ a0b0 + a1b1 + a2b2 + a3b3

= atbt − axbx − ayby − azbz

=

3
∑

µ=0

aµb
µ

(35)

We’ll see some interesting properties of this multiplica-
tion rule later, but the main thing to notice is that it pro-
duces a time = space covariant result.

Next, we need the definition of a derivative of a four-
vector. Just like four-vectors themselves, there are two
versions, a covariant and a contravariant. The problem
is, the superscript/subscript relationship is flipped for the
derivatives! So, the covariant derivative doesn’t have any
minus signs:

∂µ ≡ ∂

∂aµ

≡
(

∂

∂a0
,
∂

∂a1
,
∂

∂a2
,
∂

∂a3

)

≡
(

∂

∂t
, ~∇
)

(36)

where the ~∇ symbol represents the spatial gradient oper-
ator (Figure 16):

~∇ ≡
(

∂

∂x
,
∂

∂y
,
∂

∂z

)

(37)

The contravariant derivative is the same deal, except it
now has the minus signs:

∂µ ≡ ∂

∂aµ

≡
(

∂

∂a0
,− ∂

∂a1
,− ∂

∂a2
,− ∂

∂a3

)

≡
(

∂

∂t
,−~∇

)

(38)

Now, finally, for the payoff. If you take the second-
order derivatives of a four-vector, you combine the vector
multiplication rules with the derivative equations to get
the following:

∂µ∂
µ =

∂

∂t

∂

∂t
− ∂

∂x

∂

∂x
− ∂

∂y

∂

∂y
− ∂

∂z

∂

∂z

=
∂2

∂t2
− ∂2

∂x2
− ∂2

∂y2
− ∂2

∂z2

=
∂2

∂t2
−∇2 (39)

So we can now say that the basic wave equation is
obtained by setting the second-order four-vector deriva-
tive to zero:

∂µ∂
µs = 0

(

∂2

∂t2
−∇2

)

s = 0

∂2s

∂t2
−∇2s = 0

∂2s

∂t2
= ∇2s (40)

Although this is equivalent to our basic wave equation,
this way of computing the math, with time and space in-
cluded in the same overall derivatives, will simplify cal-
culations later. For example, we’ll see later that all of
Maxwell’s equations for the electromagnetic field can be
expressed as:

∂µ∂
µAµ = −kµJµ (41)

Notice that here the second-order derivative has a
“source” term (instead of being = 0), which acts like a
driving force on the waves — it represents the charge and
currents that drive the electromagnetic field. But we’re
getting ahead of ourselves now..

Before continuing, we introduce just two more items
of terminology. First, sometimes we’ll need to convert
a contravariant four-vector into a covariant four-vector,
and we can do this using something called the metric
tensor, which has two equivalent forms (they differ for
general relativity, but not for special relativity):

gµν = gµν = (1,−1,−1,−1) (42)
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(this is actually supposed to be a big matrix with these
values on the diagonal, and everything else 0, but this is
much simpler and suits our present purposes). So, to con-
vert you just multiply (we arbitrarily choose gµν here):

aµ = gµνaµ

aµ = gµνaµ (43)

Finally, as if we needed an even simpler version of
the wave equation (and one more symbol to memorize),
the d’Alembertian 2:

2 ≡ ∂2

∂t2
−∇2

= ∂µ∂
µ (44)

allows you to write the wave equation as:

2s = 0 (45)

Lorentz Invariance of the Wave Equation

One immediate payoff from the above mathematical
detour into space-time coordinates and special relativity
is that it provides a preliminary indication that the wave
equation obeys the fundamental constraints of special
relativity. Indeed, our model holds that the wave equa-
tion embodies special relativity. Specifically, the wave
equation has the “covariant” form where time = space,
and, equivalently, time and space are represented with
opposite signs:

∂2s

∂t2
= ∇2s

∂2s

∂t2
−∇2s = 0 (46)

As we’ll see later when we revisit special relativity
in more detail, this covariant form means that the wave
equation works the same in any reference frame. In other
words, it is invariant with respect to Lorentz transforma-
tions, which are the conversion operations that take you
from one reference frame to another. Therefore, if reality
happens to be a wave equation operating within one spe-
cific reference frame (the reference frame of our grid of
cells), this wave equation will automatically appear the
same to all observers regardless of their relative veloci-
ties with respect to this underlying grid.

In other words, just because our CA model happened
to produce the wave equation (based on more “bottom
up” considerations of simplicity of underlying mecha-
nisms) we also get special relativity for free in the bar-
gain! Again, we’ll explore this in more detail later, but
take it as a promising sign for now.

Vista Point 1

We now take the opportunity to look back at where
we’ve come to this point, and then look ahead to what
is to come next. We have stepped through a sequence
of design decisions starting with empty space, and arriv-
ing at the wave equation. At each step along the way,
we have chosen the simplest path forward, subject to the
constraint that something interesting could result. Thus,
we have rejected states that don’t communicate with each
other, and neighborhood interactions that rapidly col-
lapse into a boring, uniform equilibrium.

As a result, one might reasonably argue that this wave
equation is the simplest possible autonomous physical
model of the universe that does anything interesting at
all.

From this simplest possible model, we have derived
the following fundamental physical properties:

• The speed of wave propagation automatically has a
fixed upper bound, equal to one cell per unit time.
This corresponds to the fixed speed of light and the
fixed speed of propagation of gravitational waves.

• Waves exhibit linear superposition, a property
shared by electromagnetic radiation (i.e., light).

• The wave equation is manifestly covariant, meaning
that it automatically exhibits the properties of spe-
cial relativity, and appears the same to all observers
regardless of their reference frame.

• The wave equation automatically produces the in-
verse square law, which is a feature of both electro-
magnetic and gravitational forces.

• Wave propagation dynamics are central to all funda-
mental physical processes, from electromagnetic ra-
diation (light) to gravitation to quantum wave func-
tions.

In short, I find it to be a bit beyond coincidental that
the simplest possible continuous-valued cellular automa-
ton that does anything interesting at all happens to au-
tomatically produce some of the most central and well-
established features of our physical reality.

Furthermore, standard objections to cellular-
automaton models of physics, such as the lack of
symmetry in wave propagation, are not particularly
compelling here. We have shown that the second-order
wave propagation using all 26 neighbors does an excel-
lent job of hiding the underlying regular cubic grid. In
effect, the presence of this grid is completely invisible
to all observers within the system — we can only find
small residual traces of it in our computational model
when we look at exceedingly high frequency waves
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on the order of the size of individual grid cells — the
energies required to produce such waves in reality are
likely beyond the reach of empirical tests, at least for the
foreseeable future.

Therefore, we do not see any fundamental problems
with our very basic model at this point, except for the
fact that it doesn’t actually produce any known physical
phenomena — it just makes waves. These waves have
several properties appropriate for the two long-range
forces of nature, electromagnetism (EM) and gravita-
tion (e.g., speed-of-light propagation, inverse-square-law
property). However, some extra work needs to be done to
actually turn these into forces that have the proper phys-
ical properties that we know and love. We do this extra
work in the subsequent section.

A perhaps more challenging issue is the introduc-
tion of matter and charge into our system. Can these be
achieved simply through small tweaks to our wave equa-
tion, or do we need to introduce entirely new concepts
and mechanisms into our model? We’ll explore that after
doing justice to EM.

Electromagnetic Waves

The obvious place to start with EM is by writing out
Maxwell’s famous four equations that describe the elec-
tromagnetic force, in terms of observable electric vec-
tor field ~E and magnetic vector field ~B. These vector
fields are assumed to permeate all of space, and can be
thought of in much the same terms as a wave state vari-
able (s), with one critical exception: these state variables
have three independent values:

~E = (Ex, Ey, Ez)

~B = (Bx, By, Bz) (47)

Thus, you should think of them has representing little ar-
rows located in each cube of our system, with the length
and direction of the arrow determined by these three sep-
arate values (see Figure 16 for an example).

Maxwell’s four equations (in SI metric standard
units) are:

i ~∇ · ~E = 1
ε0
ρ Gauss’s law (48)

ii ~∇ · ~B = 0 (49)

iii ~∇× ~E = −∂ ~B
∂t

Faraday’s law (50)

iv ~∇× ~B = µ0
~J + µ0ε0

∂ ~E
∂t

Ampère’s law (51)

where ρ is charge per unit volume (density) in a given
location, and ~J is the charge current density (where the
charge is moving).

The constants ε0 and µ0 are the permittivity of free
space and permeability of free space, respectively. They

x

y

z

Figure 8: The curl ~∇× of a vector field is how much the vector
arrows tend to rotate around a central point. In this case, we
measure curl in the “z” axis in terms of its rotation within the
x-y plane.

are related to the speed of light as follows:

µ0ε0 =
1

c2

c =
1√
µ0ε0

(52)

Although a detailed review of electromagnetism is
beyond the scope of this paper, we can make a few brief
intuitive comments about each of these equations.

The first, Gauss’s law, basically says that charge is
the source of the electric field. This is really the key
point, and the divergence operator formalism is unfor-
tunately not quite as clear a way of expressing this as it
could be (we’ll fix this in a moment). Loosely speaking,
the divergence operator ~∇· indicates how much “new
stuff” is coming out of a given region of space, as com-
pared to simply passing this stuff along from your neigh-
bors. A non-zero divergence indicates that new stuff is
being generated in that region, whereas a 0 divergence
means that region of space is just passing its arrows along
from its neighbors. More formally, the divergence oper-
ator is defined as:

~∇ · ~E ≡ ∂Ex

∂x
+
∂Ey

∂y
+
∂Ez

∂z
(53)

which is just summing up the spatial gradient along each
of the three spatial dimensions. If you work through spe-
cific examples of vector fields under this operator, you
can prove the above generalizations to yourself.

Given what you now know about divergence, you
should realize that the second law means that there are
no sources for the magnetic field: its divergence is al-
ways 0. Therefore, each region of space is just passing
the magnetic arrows along, without adding to them. If
so, then how do they ever get created in the first place?

This is the job of the fourth law (Ampère’s law, with
Maxwell’s extension to it), which states that the source
of the magnetic field is the charge current density ~J , plus
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the rate of change of the electrical field ( ∂ ~E
∂t

). Thus,
moving charge and moving electrical fields create mag-
netism, but they do so not in a divergence-like way, but
rather in terms of the curl, ~∇× (Figure 8). Intuitively,
curl indicates the extent to which the arrows in a local
region are spinning around. Formally, curl is defined as:

~∇× ~B ≡
([

∂Bz

∂y
− ∂By

∂z

]

,

[

∂Bx

∂z
− ∂Bz

∂x

]

,

[

∂By

∂x
− ∂Bx

∂y

])

(54)

So, the x (first) component of the curl is the crossed spa-
tial gradient of the other two dimensions (z by y and y
by z), and likewise for the remaining factors. Intuitively,
each component measures how much the field is spinning
around that dimension.

The third law (Faraday’s law of induction) states that
the electric field can also exhibit curl, in proportion to the
rate of change in the magnetic field. These last two laws
have a certain symmetry to them, and indeed if you write
Maxwell’s equations for the empty space where there is
no charge at all (i.e., ρ = 0 and ~J = (0, 0, 0)), you get a
nicely symmetric set of equations:

i ~∇ · ~E = 0 (55)
ii ~∇ · ~B = 0 (56)

iii ~∇× ~E = −∂
~B

∂t
(57)

iv ~∇× ~B =
1

c2
∂ ~E

∂t
(58)

Though somewhat more simplified, these equations
are still not particularly good from our cellular automa-
ton perspective: they are all in terms of curls and diver-
gences, and not the lovely wave equations that emerge
so naturally in our system. Fortunately, it is possible to
massage Maxwell’s equations into pure wave equations!
The trick is to think in terms of potential fields instead of
force fields. As an added benefit, these equations reduce
the number of variables to 4, instead of the 6 variables re-
quired above (3 each for ~E and ~B). Furthermore, there is
evidence from the Aharonov-Bohm effect that such po-
tentials have a measurable physical reality (we discuss
this later).

Potentials and Wave Equations

As described in Griffiths (1999) (p. 416) and Jack-
son (1999) (p. 239), the electromagnetic field can be de-
scribed in terms of a scalar potential, which is variously
written as Φ (capital Greek “Phi”) or V or A0, and a vec-
tor potential ~A = (Ax, Ay, Az), for a total of 4 variables.

Most readers should be familiar with the notion of the
electrical potential V (we’ll use A0 instead, for reasons

that will become clear), in terms of the voltage of a bat-
tery or an electrical outlet. Electrical forces ensue from
gradients in this potential across space: loosely speak-
ing, if you have more potential in one place than another,
there is a pressure to flow “downhill” to equalize the po-
tential. Mathematically speaking, this can be expressed
as:

~E = −~∇A0 (59)

In words, the electrical field is the spatial gradient of the
scalar potential. Recall the definition of the gradient op-
erator ~∇ from before: it computes the slope or amount
of change in a scalar field along each of the three axes,
yielding a vector of three values.

The vector potential ~A is somewhat less intuitive, but
it works in a similar way mathematically, for the mag-
netic field instead of the electrical field. Specifically, we
define the magnetic field as the curl of the vector poten-
tial:

~B = ~∇× ~A (60)

This automatically satisfies equation (ii) because the di-
vergence of the curl is always 0.

Interestingly, we can also use this definition to derive
an expression for the electric field in terms of the scalar
potential (which turns out to be just a bit different from
the one we gave above in equation 59). We start by in-
serting this definition for ~B into equation (iii), to get:

~∇× ~E = −∂
~B

∂t

~∇× ~E = − ∂

∂t

(

~∇× ~A
)

~∇× ~E = −~∇× ∂ ~A

∂t

~∇× ~E + −~∇× ∂ ~A

∂t
= 0

~∇×
(

~E +
∂ ~A

∂t

)

= 0 (61)

Because this quantity in the parentheses has zero curl ac-
cording to this equation, it means that it can be written
in terms of a gradient of a scalar potential (gradients of
scalar fields can’t have curl; for example, a ball rolling
down a surface can only roll, not spin):

~E +
∂ ~A

∂t
= −~∇A0 (62)

Therefore, we can just re-arrange these terms to get a
definition of the electric vector field in terms of the scalar
field:

~E = −~∇A0 −
∂ ~A

∂t
(63)
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This definition agrees with our intuitive equation given
earlier, but it also adds the first temporal derivative of the
vector potential as a contributor to the electrical field.

At this point, we can now use equations 60 and 63
to get the electric and magnetic vector fields (a total of 6
variables per cube in space) from the four variables of the
scalar and vector potential fields (requiring only 4 vari-
ables per cube). Thus, we can think of the vector fields as
derived properties from the more fundamental potential
fields, which are all that are actually represented in our
model.

Maxwell’s equations in terms of these potentials also
reduce to a simpler form. As we’ve already noted, equa-
tion (ii) is automatic, and (iii) was used to derive the po-
tential equations already, so it is also automatically sat-
isfied. This leaves equations (i) and (iv), which can be
massaged through a variety of steps outlined below, to
arrive somewhat miraculously at very simple wave equa-
tions!

To make this work, we need to remove one extra de-
gree of freedom from our system, by making the follow-
ing definition:

∂A0

∂t
= −c2~∇ · ~A (64)

This is known as the Lorenz gauge or condition (not
Lorentz, as some incorrectly state), and it is also de-
scribed in greater detail below.

As long as this condition holds, then we find (see Ap-
pendix A for a detailed derivation) that the electromag-
netic potentials obey simple wave equations with addi-
tional terms that correspond to the “sources” of the elec-
tric and magnetic fields:

∂2A0

∂t2
= c2∇2A0 +

1

ε0
ρ (65)

∂2 ~A

∂t2
= c2∇2 ~A+ µ0

~J (66)

Interestingly, the wave equation operates separately on
each term. Therefore, the wave equation operating on
the vector ~A is the same thing as having three separate
wave equations operating in parallel on each of the com-
ponents of the vector. Thus, it is really four parallel wave
equations operating on each of the four variables.

Leveraging this fact, we can in fact go all the way
down to a single equation, if we express the four poten-
tials as a single space-time four vector:

Aµ = (A0, ~A) = (A0, Ax, Ay, Az) (67)

In this four-vector notation, the wave equation arises
as the double-application of the four-derivative operator

(equation 39):

∂µ∂
µ =

∂2

∂t2
−∇2

Therefore, we can write:

∂µ∂
µAµ = kµJµ (68)

where Jµ = (J0, Jx, Jy, Jz), and J0 = ρ, and kµ =
(

1
ε0
, µ0, µ0, µ0

)

. This extreme level of simplicity ac-
curately expresses the fundamental point that the elec-
tromagnetic force can be described using only the ba-
sic wave equation (as we had promised earlier), plus the
source driving terms. The charge density ρ and current
density ~J provide an external driving force on the elec-
tromagnetic field equations (and are thus the sources of
the fields). Interestingly, this potential formalism just
requires four variables, which is intriguingly convenient
for the four-vector space-time framework.

In the discrete space-time analog cellular automaton
framework, the equations for the scalar potential are:

Ät+1
0 =

3

13

∑

j∈N26

kj(A0j −A0i) +
1

ε0
ρ (69)

which is then integrated into a first-order term (velocity):

Ȧt+1
0 = Ȧt

0 + Ät+1
0 (70)

and finally the state variable is updated:

At+1
0 = At

0 + Ȧt+1
0 (71)

The computation of the vector potential terms ~A sim-
ilarly just follow the standard wave equations with an ad-
ditional source term from the current vector ~J . For the x
component of ~A, the acceleration term is:

Ät+1
x =

3

13

∑

j∈N26

kj(Axj −Axi) + µ0Jx (72)

and similar equations hold for the y and z components.
We will also need to compute ~∇· and also ~∇× to

recover the actual ~E and ~B values, which we will see
are required for describing how the electromagnetic field
interacts with our charged wave equations.

Satisfying the Lorenz Condition

There is just one puzzle in this otherwise very simple
and elegant situation: how to satisfy the Lorenz condition
while at the same time satisfying the wave equation? In
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discrete space-time notation (with c = 1), the Lorenz
condition states that:

Ȧt
0 = −~∇ · ~At (73)

So, the puzzle is, how to simultaneously satisfy equa-
tions 70 and 73? One possibility that suggests itself in
these discrete update equations is to substitute the Lorenz
condition in the wave update equation, to provide the cur-
rent value of the velocity: Ȧt

0:

Ȧt+1
0 = −~∇ · ~At + Ät+1

0 (74)

However, simulation experiments with this equation
show that it leads to numerical instability, presumably
because of the coupling of the vector and scalar poten-
tial at the first-order level, which is generally not a very
robust situation. Furthermore, this would not actually
result in the Lorenz condition being satisfied over time
— the wave dynamics term (second-order acceleration
Ät+1

0 ) clearly destroys the Lorenz condition as it is added
in each time step. Clearly, the only way to absolutely sat-
isfy the Lorenz condition is to use only equation 73 in up-
dating the scalar potential. However, this is also clearly
not a viable option, because the only way that the charge
density ρ enters into the system is via the wave-equation
dynamics (i.e., the second-order term). Thus, a pure
Lorenz-condition system would clearly not capture many
electromagnetic phenomena (e.g., the Coulomb force).

Therefore, the only viable option appears to be im-
plementing the basic wave equation, without any explicit
attempt to enforce the Lorenz condition. This is also
clearly the best option from the perspective of the cel-
lular automaton system, where the wave equation is so
natural. Furthermore, simulations monitoring the Lorenz
condition while running the basic wave equations show
that violations are relatively small in magnitude, stable
or decreasing over time, and concentrated where charge
sources are.

Finally, it is useful to express the Lorenz condition in
four-vector terminology:

∂µA
µ = 0 (75)

because:

∂µA
µ = 0

∂A0

∂t
+ ~∇ · ~A = 0

∂A0

∂t
= −~∇ · ~A (76)

We will encounter an expression of this form later. It
is called a continuity equation, and when this continuity
equation holds, the total amount of the four-vector quan-
tity Aµ is conserved over time: it can move around to

different locations, but the total amount of it integrated
across all of space never changes over time. Therefore,
the Lorenz condition is effectively just saying that the
system must conserve the potential values. This is true of
the wave equations, except where there are source terms,
and thus gives us reason to understand why the Lorenz
condition does not need to be explicitly incorporated into
the system for it to be generally satisfied.

Matter and Charge: Giving the Particle a Wave

Historically, matter has typically been conceived of
as something hard and solid: a particle of some form
or another. The classical picture of the atom, with little
planet-like electron particles orbiting around the sun-like
nucleus (composed of proton and neutron particles), is
a good example. However, in 1924, de Broglie discov-
ered that matter also has wave-like properties. As this
particle-vs-wave debate developed in quantum physics,
it became clear that matter exhibits both kinds of prop-
erties, and people have tried to come to terms with some
kind of simultaneous duality of wave and particle aspects
to matter. Indeed, this duality extends even to things
that originally seemed very much more wave-like than
particle-like, such as electromagnetic radiation (light).

Our ultimate model will consist entirely of waves,
with all particle-like effects emerging out of the dynamic
interactions between wave systems. This is the most con-
troversial and unproven aspect of our model. Neverthe-
less, we are basically forced into this conclusion by a
tidal wave of support for a purely wave-based frame-
work, with no really compelling reason to include dis-
crete, hard particles as such. Indeed, one can view much
of the confusion associated with quantum physics as just
a stubborn inability to let go of the particle model of
matter. Once we dispense with these particles entirely,
much of the confusion melts away. We are left with a
few particle-like phenomena to account for, but we can
provide a very plausible (if currently unproven) explana-
tion for them. The full discussion of these issues will
come later.

Problems with Particles

First, let’s consider for a moment the possibility that,
within our cellular automaton system, matter is com-
posed in some way of particles. How natural or easy is
it to get that to work? It turns out, it is not very natural
or easy at all, for much the same reason that purely bi-
nary or discrete states are not particularly natural in the
CA system. Specifically, the most obvious way of intro-
ducing a particle in this system is to imagine that it is
a discrete binary state value in a cubic cell. For all lo-
cations where there are no particles, this state value is
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0, and where there are particles, it is 1. The problem
is, how do these particles move? They can only make
discrete jumps to one of the 26 neighboring cells. How
can they exhibit trajectories of motion that are not along
one of these 26 directions? How can they take on dif-
ferent velocities? They would have to wait in one spot
for a while, then make a discrete jump, etc, with the ra-
tio of waiting to jumping corresponding to velocity. But
what provides the “memory” for how long to wait before
jumping, and what direction to jump to? In more tech-
nical terms, what provides the momentum representation
for such a particle?

Another important problem with the particle model is
that it introduces complications for force fields very near
the particle itself. Both the electromagnetic and gravi-
tational forces follow a 1/r2 law, which means that the
strength of these forces in the cells immediately adjacent
to a discrete particle would be very strong, especially for
the much stronger electromagnetic force. This is prob-
lematic because such a strong level of force corresponds
to a very high energy density, which can end up produc-
ing unexpected physics. For example, high energies can
spontaneously create new massive particles. A wave-like
distributed particle model would avoid such problems, by
distributing the source of such forces over a much wider
area, and greatly reducing the charge and mass density
per unit cube.

Some of these problems may be surmountable, but
the level of complexity and mechanism required to do it
is daunting. For example, I have implemented a system
for solving the particle motion problem, but it is truly
baroque in its complexity and implausibility. Again, we
cannot place strong a priori constraints on what happens
at the most fundamental level, so it could be that par-
ticles of this sort exist. But perhaps we should pursue
the wave alternative first, to see if something more nat-
ural emerges. Indeed, we’ll see in a moment that a sin-
gle modification to the basic wave equation produces a
surprisingly comprehensive description of matter (while
still falling short of describing actual physics). The re-
sulting model is so simple, elegant, and consistent with
known physics that we do not hesitate to completely
abandon the discrete particle model, with all of its dif-
ficulties and complexity.

Klein-Gordon Waves

In beginning to explore the wave model of matter,
we need to first establish a few basic concepts of what
it would even mean for a particle to be described by a
wave. The main idea is that a particle corresponds to a
wave packet, which is a spatially localized wave distur-
bance (see Figure 9). It can act like a particle in that it
is somewhat spatially localized, and moves as a coherent
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Figure 9: A wave packet, which is a spatially localized wave
disturbance that propagates through space as a coherent en-
tity. The two values shown here are the state value and the
first derivative — the relationship between these two deter-
mines which direction the wave travels. This is our model for
a particle. Mathematically, it can be constructed by multiply-
ing a Gaussian function (normal bell-shaped distribution curve)
times a sine wave.

entity. If you zoomed out very far, and blurred your eyes,
you could imagine that a wave packet would look like a
tiny point particle. Nevertheless, it fundamentally acts
like a wave, in the sense that it is actually made of oscil-
lations, and obeys a wave equation. As to what exactly
the wave material is and what it means for observations,
we’ll postpone for later. At this point, we’ll content our-
selves with this level of description, and just start devel-
oping some new twists on the basic wave equation; we’ll
return to the thorny interpretational issues (e.g., wave-
particle duality, probabilistic interpretation of the wave,
etc), once we have a better sense of how these new waves
behave.

Recall that the wave equation can be written as a
second-order differential equation (equation 20):

∂2ϕ

∂t2
= ∇2ϕ

Note that we’ve introduced a new variable here, ϕ, which
is a variant of the Greek “phi” symbol called “varphi”,
which is often used for wave functions of particles. We’ll
always use this variable to represent a single scalar state
variable, that updates according to a modified wave func-
tion representing a massive particle.

So, what if we add a single new term to this equation,
where we subtract away some “mass” (m0, a constant)
from the laplacian (∇2ϕ) “curvature” driving force term
(Figure 10):

∂2ϕ

∂t2
= ∇2ϕ−m2

0ϕ (77)

or, in somewhat simpler notation that we’ll use more fre-
quently:

∂2ϕ

∂t2
= (∇2 −m2

0)ϕ (78)

This new equation is called the Klein-Gordon (KG)
equation, named after Oskar Klein and Walter Gordon,
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"Curvature" (    ) fights against drag

Mass drags wave down

∆2

Figure 10: The additional mass term −m2

0ϕ in the Klein-
Gordon (KG) wave equation “drags down” the wave in propor-
tion to the height of the waves (i.e., amplitude away from zero,
either positive or negative). This fights against the “curvature”
of the wave, computed by ∇

2. Higher frequency waves have
higher curvature, and thus move faster than lower frequency
waves.

who published the first papers on it (Klein, 1926; Gor-
don, 1927; see Kragh (1984) for a detailed history of this
equation, which was actually discovered by many indi-
viduals, including Schrödinger). It captures a surpris-
ing number of important phenomena, as we detail next.
However, it needs a few more bells and whistles (namely
charge and spin) in order to actually describe a known
particle, such as an electron.

First, we’ll introduce some variations on how to write
this equation, which are all obviously identical to the KG
equation given above, but highlight different features of
it, as we’ll see more later. Here’s one such variation:

∂2ϕ

∂t2
−∇2ϕ = −m2

0ϕ (79)

and another:
(

∂2

∂t2
−∇2 +m2

0

)

ϕ = 0 (80)

These last two forms are useful for relating to the four-
vector version of the wave equation, where we saw that
(equation 39):

∂µ∂
µ =

∂2

∂t2
−∇2

so that the equation can be written:

∂µ∂
µϕ = −m2

0ϕ (81)

or:
(

∂µ∂
µ +m2

0

)

ϕ = 0 (82)

Finally, if we do not have natural units where c =
h̄ = 1, the equation has a few more parameters:

∂2φ

∂t2
= c2

(

∇2 − m2
0c

2

h̄2

)

φ (83)

Lower Frequency = Slower Higher Frequency = Faster

Figure 11: Relationship between frequency and speed in the
Klein-Gordon (KG) wave function, which derives from compe-
tition between mass drag and overall curvature of the wave, as
computed by ∇

2. Higher frequency waves have more curvature
and thus move faster.

where h̄ = h
2π

and h is Plank’s constant (which we’ll
hear more about in a moment).

To actually implement this KG equation in our cel-
lular automaton model, we make one modification to the
acceleration term, to subtract off the mass:

ϕ̈t+1
i =

3

13

∑

j∈N26

kj(ϕj − ϕi) −m2
0ϕi (84)

Variable Speeds: Momentum = Frequency

Perhaps the most important feature of this KG equa-
tion is that waves now travel at variable speeds, instead
of always moving at exactly the same speed. This speed
now depends on the relationship between the curvature
(∇2ϕ) and the squared-mass value m2

0ϕ. In essence, the
mass “drags down” the wave propagation force conveyed
by the local curvature, ∇2ϕ (Figure 10). Therefore, to
get the wave to move faster, you need more curvature,
which is to say, a higher frequency wave, because higher
frequency waves have more waves per unit length, and
this means overall greater “curvature” (Figure 11).

This relationship between frequency f of a wave and
the velocity of the particle that it describes is captured in
one of the most basic equations of quantum physics:

p =
h

c
f

mv =
h

c
f

v =
h

cm
f (85)

where p = mv is the momentum, m is the mass of the
particle, v is the velocity, and h is Planck’s constant. This
can also be written in terms of the wavelength λ, which
is the inverse of the frequency:

f =
c

λ

λ =
c

f

λf = c (86)
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so that momentum is inversely proportional to the length
of the waves:

p =
h

λ
(87)

As we will explore in greater detail later, the momen-
tum can be computed directly from the wave function in
terms of the first-order spatial derivative or gradient:

p ∝ ~∇ϕ (88)

where this spatial gradient is again going to be greater
overall as the wave frequency increases, as suggested by
the quantum mechanical relationships above.

Again, the main point for now is just that introducing
the mass term makes the relative curvature or frequency
of the wave matter in determining the overall velocity or
momentum of the wave packet that describes a particle.
Without this mass term, all waves travel at the speed of
light.

Newtonian Mechanics

We can intuitively see that this very simple modi-
fication to the wave equation captures all of classical
(Newtonian) mechanics for a “particle” characterized by
a wave according to this equation. In the absence of any
external forces, the wave will propagate along at a con-
stant velocity (Newton’s first law of inertia), because the
frequency of the wave does not decrease (and it would
not change its overall direction of propagation). If a force
is applied to this system, it will change the frequency of
the oscillation of the wave, and thus result in a change in
momentum, in accord with Newton’s second law:

F =
∂~p

∂t
= m

∂~v

∂t
= m~a (89)

After a few more developments, we can make this re-
lationship much more formally accurate and precise, by
considering the overall energy and momentum relation-
ships computed by the KG wave equation. We will see
that Schrödinger’s equation, which is the primary wave
equation for basic quantum physics, captures classical
Newtonian physics, and that the KG equation is a ver-
sion of Schrödinger’s equation that also takes into ac-
count special relativity, which is important when par-
ticles are moving very fast (i.e., relatively close to the
speed of light).

Anticipating these results, and relying on intuition
for now, we see that with one tiny addition, we now
have an equation that can describe the motion of a mas-
sive particle through space (e.g., as a wave packet), in
agreement with all the known physical laws (i.e., quan-
tum physics and special relativity, which reduce in cer-
tain cases to the more familiar Newtonian mechanics).

What is the Mass?

The value m0 in the KG equation is the rest mass
of the particle that it describes (the 0 subscript indicates
“rest”). It is a fixed, constant value for a given type of
particle, and thus we can easily imagine that it is just built
into the equations for the state variables that characterize
that type of particle.

For an electron, this mass is 9.1x10−28 grams, which
is an extremely tiny weight. Interestingly in the natural
units of our model (known as Planck’s units), this is still
a very small number: 4.18x10−23. This means that the
mass doesn’t put that much of a drag on the movement
of electron waves.

The value of m0 also defines the Compton wave-
length of a given particle, which is the wavelength of a
particle at rest, due strictly to the rest mass. The formula
for the Compton wavelength λC is:

λC =
h

m0c
(90)

and in our natural units where h = c = 1,

λC =
1

m0
(91)

The Compton wavelength of an electron in the nat-
ural units of our system is 2.39x1022 cubes, which is
a very large number of cubes indeed. This means that
your basic electron is very, very spread out from the per-
spective of our Planck-scale model. One consequence of
this is that it doesn’t take a very high frequency to get
the electron moving above this low baseline value. One
might imagine that this gives the system plenty of room
for electrons to go faster: if their rest mass were signif-
icantly larger, their rest wavelengths would be smaller,
and there wouldn’t be as much additional room to go
faster by having smaller wavelengths and thus higher fre-
quencies.

Note that this is a particular issue that arises in our
discrete space model: if you imagine that space is contin-
uously divisible, then frequencies can get infinitely high,
and you don’t really need to worry about the overall mag-
nitude of the rest mass. This also represents a potentially
testable prediction of the model: there is a fixed upper
limit to how high wave frequencies can go (i.e., a wave-
length of one cube length). However, this represents such
a fantastically large amount of energy that it may never
be attainable in practice.

One other thing about the rest mass — we can con-
sider what happens when you set the rest mass of our par-
ticle to zero. You should see that we immediately recover
the basic wave equation from before. Thus, it is immedi-
ately obvious that “particles” with a zero rest mass must
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move at the speed of light. This is a basic postulate of
special relativity. Note also that it is impossible for a
massive particle to travel at the speed of light, because it
would have to have an infinitely high frequency, and this
is not possible (even in a continuous spatial model).

Smooth, Continuous Motion

As a continuous-valued second-order wave equation,
the KG equation still has all of the advantages discussed
earlier about making the underlying grid disappear. Fur-
thermore, it easily and naturally allows us to describe
continuously variable rates of speed, in terms of contin-
uous variation in the frequency or wavelength of wave
oscillation. Particles described by such an equation can
also travel in any direction, because of the essentially
perfect spatial symmetry of wave propagation exhibited
by this equation.

In contrast, models with a discrete particle suffer
from all manner of complexity in overcoming such prob-
lems. Thus, by describing a particle exclusively using
this wave equation, we avoid many difficulties, and it re-
mains to be seen if we encounter any other problems.

Special Relativity

As we noted before, the wave equation automatically
satisfies special relativity. This is still true of the KG
equation, which is why it is known as the relativistic
version of Schrödinger’s equation. Indeed, because the
KG equation describes a massive particle, it opens up
the much more interesting set of issues with special rel-
ativity having to do with time and space contracting and
expanding.

Apparently Einstein was motivated to come up with
special relativity in part by thinking about what it would
be like to catch up with a beam of light. Turns out
you can’t: light always moves at the same speed away
from you, no matter how fast you are going. Thus, the
waves described by the basic wave equation are always
speeding along at the same speed, and are relativistic in
a fairly straightforward but also somewhat uninteresting
way: they just cruise around at the same speed of light,
and not much else can be said for them.

In contrast, things that have a non-zero rest mass are
subject to three major effects as their velocities increase
(all of these are as measured relative to a static observer
watching such a thing whiz by — in our model, we can
conveniently use the underlying grid reference frame):

• They shrink along the direction of travel (Lorentz
contraction).

• Time slows down (time dilation).

Slower = Longer Faster = Shorter

Figure 12: Intuitive explanation of Lorentz contraction of
space that occurs as something moves faster, in terms of the
relationship between wave frequency and speed in the Klein-
Gordon wave equation. Because faster movement is associated
with higher frequency and shorter wavelength, the system con-
tracts in the direction of motion as it speeds up. Thus, any
measurements made in the faster system will have their basic
constituents, including yard sticks and everything else, shrunk
in this way. This is one of the main effects of special relativity.

• Apparent (relativistic) mass increases.

Almost miraculously, all of these effects can be de-
rived directly from the basic KG equation. Intuitively,
the contraction of space along the direction of travel oc-
curs because the length of a given thing is measured in
terms of the wavelengths of the underlying particles that
compose it. As these things move with greater velocity,
their frequency increases and their wavelengths decrease,
and this results in a shorter overall length (as viewed
from an outside observer) (Figure 12). Similarly, the in-
crease in apparent mass comes from the increased dif-
ficulty in further accelerating the system. Mass is mea-
sured in terms of the inertia of a system: its resistance to
further acceleration. It happens that the amount of force
required to increase the frequency of a given wave packet
further is proportional to its existing frequency, so that it
becomes harder and harder to accelerate something as it
moves faster and faster. This is manifest as an increase
in the apparent mass of the particle. The increase in ap-
parent mass of the particle also has the effect of causing
the apparent time to slow down: time is fundamentally
measured as a rate of change, which depends on accel-
erations, which are affected by the increase in apparent
mass.

The very stretchiness and malleability of space and
time postulated by special relativity is a very strong ar-
gument in favor of waves over particles. Waves are in-
herently stretchy and malleable (as just invoked above
to explain the key features of special relativity), whereas
particles as hard discrete points just don’t seem to fit with
this picture. What would it mean for a point particle to
contract along its direction of travel?

One of the main puzzles that people often have with
special relativity is understanding how light can appear
to move at the same fixed speed, when an observer is
screaming along at nearly the speed of light. You would
think that you would “catch up” to a photon (as in Ein-
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stein’s motivating thought experiment), and even if you
couldn’t see it actually standing still, it sure should seem
to move more slowly relative to a speeding observer than
to someone “sitting still”. The trick is, as an observer
speeds up, the time dilation and space contraction effects
conspire to alter the perception of the relative motion of
other things. The wavelength and velocity of the mov-
ing light wave never actually change (they are always the
same relative to the underlying reference frame of the
grid), but relative to the moving observer, they appear
to be much faster. This is because the observer’s rulers
have shrunk, and their clocks have slowed down, so that
the same light wave appears to be moving much faster
to them. In contrast, a static observer watching the mov-
ing observer chasing after the light beam will perceive
the two as having a smaller relative velocity difference.
These changes occur in exactly the right way to make
the light wave appear to travel at the speed of light to the
moving observer (which in fact it is). The next section
gives these basic intuitions some mathematical precision.

Mathematics of Special Relativity
The mathematics of special relativity involves the

computation of relative distance and time measurements
in different reference frames that are moving relative to
each other. As Figure 13a illustrates, a rigid rod of the
same length l can appear shortened if it is moving along
at a high velocity v relative to a “static” reference frame
F (i.e., not moving relative to this page of paper). We
denote the moving rod’s reference frame F’.

The factor for transforming between reference
frames is the Lorentz factor:

γ =
1

√

1 − v2

c2

=
1√

1 − v2
(92)

(where the second form is in natural units, where c = 1,
and v goes from 0 to 1). The shape of this function
is shown in Figure 13b. Because the velocity enters
into this function as a squared term, the function has a
parabolic shape, such that not much happens until the
velocity gets very close to the speed of light.

For the situation illustrated in Figure 13a, the moving
rod in frame F’ appears shortened in the static frame F by
a factor of 1

γ
:

l′ =
l

γ
(93)

Similarly, the duration of a given fixed interval t (e.g., a
second) in the moving reference frame F’ appears longer
from the perspective of F by the same factor:

t′ = γt (94)

It is important to keep in mind that in these equations,
the l′ and t′ refer to what something in the moving F’
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Figure 13: Lorentz transformations. a) Illustration of Lorentz
transformation between a static reference frame F (which is the
same reference frame as the page, for example), and a frame
F’ moving at velocity v relative to F. Both frames contain a
rigid rod, which when F’ was at rest relative to F were the same
length l, as indicated by the ruler marks. These rods now ap-
pear to be of different lengths in the two frames — from the per-
spective of F, the rod in F’ appears to have shrunk to a shorter
length l′. Interestingly, from the perspective of an observer
moving along with the F’ reference frame, its rod appears to be
of length l (same as when it was stationary), and the other rod
in F appears to have shrunk. b) The amount of shrinkage as
a function of velocity v is determined by the Lorentz factor γ,
which is plotted here (in natural units where the speed of light
c = 1). Not much happens until you get very close to the speed
of light (e.g., above 90% or .9).

reference frame looks like to someone in the static frame,
F, relative to these same quantities as measured in the
static frame (l and t). But this assumes that we have
previously established in a common reference frame that
the rod in F’ actually has the same length as the one in F
(and the second similarly has the same duration).

An alternative (and more conventional, but some-
times more confusing) way of using the prime notation
is to directly convert between coordinate systems of the
two reference frames, where the primed and unprimed
cases both refer to the exact same event from the two dif-
ferent perspectives. In this case l′ would refer to how an
observer in F’ would measure the rod length, whereas
l refers to what someone in F would measure for the
very same rod that is moving in F’, not for the “standard
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length” of the rod when both reference frames where
static. In this case, things are exactly flipped, and we
would say that l′ is the original rod length (say 1 me-
ter), because it is in the F’ reference frame that the rod
is not moving, whereas in the F reference frame, the rod
has shrunk to a shorter apparent length l (say .5 meters,
if v = .866). Similarly, the second measured in F’ (t′)
corresponds to a longer time interval t in F (e.g., 2 sec-
onds). It is definitely complicated to keep track of all this
moving back and forth between reference frames!

In this way of doing things, in frame F, we des-
ignate an event as occurring at space-time location
(t, x, y, z) (this is a four-vector or space-time coordinate
in Minkowski space, which we mentioned earlier). In
frame F’, this same event has coordinates (t′, x′, y′, z′),
where the two coordinate systems are aligned such that
the origin (0,0,0,0) is the same in both. As before,
we specify that the relative velocity v between the two
frames is entirely along the x axis, for simplicity. We
can compute these F’ coordinates directly from our F co-
ordinates, using Lorentz transformations (again in natu-
ral units where c = 1, and v goes between 0 and 1):

t′ = γ(t− vx)

x′ = γ(x− vt)

y′ = y

z′ = z (95)

Figure 14 shows where these formulas come from, and
demonstrates their concrete application. The −vx term
in the transformation of time, and the −vt term in the
transformation of the x coordinate, are critical and pos-
sibly counter-intuitive factors in these equations. As the
figure explains, the −vt is more sensible, as it simply
reflects the relative motion of the reference frame over
time. The −vx term is somewhat less intuitive, but it
reflects the fact that two events separated by some spa-
tial distance will not be experienced as simultaneous in
a moving reference frame! Instead, the spatial separa-
tion turns into a temporal separation due to the relative
motion of the frame.

One can use these equations to compute the trans-
formed velocity of an object moving at velocity w along
the x axis in frame F as it would appear to an observer in
frame F’. We can compute this by taking velocity as dis-
tance over time, and noting that in time t in frame F, the
object will travel a distance x = wt. Thus, we need to
compute the transformed velocity as distance over time

a)
F

0
0

F’

0
0

(t,x)

space (x)

tim
e 

(t)

2 4

3

6

9

(9.464, 9.196)

9

v = −.866
γ=2

(6, 5.196)

3
−vx

−vt

(3.464, 4)

b)

F

0
0

F’

0
0

space (x)
tim

e 
(t)

2 4

3

6

9

9

v = −.866
γ=2

3
−vx
(3.464, 4)

53

(11.196, 11.196)

(14.660, 15.196)

w=1

w’=1

Figure 14: Lorentz coordinate transformations, plotted in one
spatial coordinate (x) and time (vertical axis). a) In the resting
frame F, two points (think of them as marbles) just sit motion-
less, and thus form vertical trajectories through increasing time.
When these are transformed into a reference frame F’ (aligned
at point (t=0,x=0) with F) moving to the left at v = −.866
(Lorentz factor γ = 2), several interesting features of the
Lorentz transformation are evident. If we follow the marble
that was originally located at (0,x) as it sits in frame F for 3 time
steps, we see that it appears to move to the right in frame F’,
in the opposite direction of F’ motion. Furthermore, because of
the Lorentz factor, the 3 seconds in frame F amount to 6 sec-
onds in F’, and the distance it should travel due to the relative
motion, computed in frame F (−vt = .866×3 = 2.598) corre-
sponds to 5.196 in frame F’. The second marble reveals a crit-
ical and somewhat counter-intuitive effect, where two events
that are simultaneous in frame F (i.e., t=0 for both of these), oc-
cur at different times in frame F’. Specifically the second marble
sitting at rest at x=2 at t=0 is not “encountered” by the moving
frame F’ until 3.464 time seconds later (in F’ time units), due
to it being offset in space from the first marble. It takes the
frame F’ (−vx = .866 ∗ 2 = 1.732) time units to get to this
second point (in the units of the F frame), and when this gets
subject to the time dilation effect, you end up with the 3.464.
From this starting point for the second marble, the same time
and space increments as for the first marble occur for the subse-
quent point 3 time units later. b) An alternative situation, where
the points in frame F are now moving at the speed of light (in-
dicated by their slopes being 1; they are now photons instead
of marbles). The Lorentz conversions preserve these slopes, so
that the speeds are still 1 in the F’ frame. Thus, the speed of
light is always the same to all observers.
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in the F’ frame, as:

w′ =
x′

t′

=
γ( x − vt)

γ(t− v x )

=
γ( wt − vt)

γ(t− v wt )

=
γt(w − v)

γt(1 − vw)

=
w − v

1 − wv
(96)

(the intermediate steps are included to make everything
as clear as possible, and the substitution of x with wt is
highlighted with the boxes).

Interestingly, if both velocitiesw and v are small (rel-
ative to the speed of light, c = 1), then the denominator
is close to 1, and you get the more intuitive result that
the relative velocities just add (or subtract, as the case
may be). This is known as the Galilean transformation,
which holds for non-relativistic speeds, and is intuitive to
most people. However, as either of these speeds increase,
the denominator starts to get smaller, and the relative ve-
locities do not add linearly. Here are several illustrative
examples of how this equation works:

w = 0 : w′ = −v (only relative motion)
w = v : w′ = 0 (same speed)

w = .2, v = .1 : w′ = .102 (slightly faster than .1!)
w = −.1, v = .1 : w′ = .199 (slightly slower than .2!)
w = .9, v = .1 : w′ = .87 (much faster than .8!)

w = −.9, v = .1 : w′ = .99 (much slower than 1.1!)
w = 1.0, v = .1 : w′ = 1.0 (speed of light is same!)

w = −1.0, v = .1 : w′ = 1.0 (speed of light is same!)
(97)

One other important point to be made about special
relativity is that there is an invariant calculation that can
be made on the coordinates measured in any given ref-
erence frame, which will yield the same result as in any
other reference frame. This is a kind of distance met-
ric between two points (t1, x1, y1, z1) and (t2, x2, y2, z2)
(both of which must be measured in the same reference
frame):

ds2 = (t1 − t2)2 − (x1 −x2)
2 − (y1 − y2)2 − (z1 − z2)2

(98)
You can try this out on the coordinates in Figure 14 for
the same points in the different reference frames: you’ll
get the same results for either (with small differences due
to round-off errors). Interestingly, when you try it for

the second case with the photons moving at the speed of
light, you see that this value is always 0. Thus, in effect,
the distance in space is equal to the distance in time. If
we just have motion in one spatial dimension (e.g., x),
this is clear:

(t1 − t2)
2 − (x1 − x2)

2 = 0

(t1 − t2)
2 = (x1 − x2)

2 (99)

This is exactly the same time = space relationship that we
discussed earlier for the basic wave equation. Perhaps
now the fundamental importance of this for relativity is
clearer.

This distance metric also tells you in what way two
events are separated. If the distance metric is positive,
then the two points are separated by time, and if it is
negative, they are separated by space.

Interestingly, the Lorentz transformations can be de-
rived directly from this distance metric, and this distance
metric can in turn be derived from the principle that the
speed of light is a constant in any reference frame. There-
fore, all of these effects are really just different manifes-
tations of the same basic set of constraints, which are
captured directly and automatically in the wave equa-
tions.

One additional property of special relativity has to do
with the relationship between energy and momentum. If
an object is at rest, its only energy is that associated with
its rest mass, according to the famous equation:

E0 = m0c
2 (100)

which incidentally is somewhat more direct but perhaps
less interesting in natural units where c = 1:

E0 = m0 (101)

As the object moves faster, it gains energy in proportion
to the Lorentz factor γ:

E = γm0c
2 (102)

Furthermore, the relativistic momentum of this object is
just the Lorentz factor times the standard Newtonian def-
inition of momentum for motion at velocity ~v:

~p = γm0~v (103)

These two variables can be related in the relativistic
energy-momentum equation:

E2 = ~p2c2 + (m0c
2)2

E =
√

~p2c2 + (m0c2)2 (104)

which is different way of expressing the energy of the
system. It is very sensible, in that the two main contrib-
utors to energy are the momentum (i.e., kinetic energy)
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and the rest energy. If you set c = 1, it is simpler:

E2 = ~p2 +m2
0

E =
√

~p2 +m2
0 (105)

You can think of the rest energy and momentum as two
legs of a right triangle, such that the total energy is the
hypotenuse, according to the pythagorean theorem.

In the limit of a slow velocity (relative to the speed of
light), this expression approaches the Newtonian expres-
sion for kinetic energy (plus the rest mass energy):

E ≈ 1

2
m0~v

2 +m0c
2 (106)

We will return to the above energy expression a bit later,
where we’ll find that we can actually derive the KG wave
equation directly from it!

Finally, we note that the warping of space and time
that produces gravitational effects according to general
relativity enters into our model in a very different way, as
described later. Thus, in our model, special and general
relativity result from two very different mechanisms.

Relationship to Schrödinger’s Equation

As many readers are likely aware, Schrödinger’s
equation provides the cornerstone of quantum physics.
This equation describes the evolution of a particle wave
over time. A wave of what? The standard interpretation
is that it is a wave of probability, in the sense that the
“square” (complex conjugate) of the wave values corre-
spond to the probability of finding a particle in a given
location.

Schrödinger’s equation is a challenge for many peo-
ple to understand, in part because it requires complex
numbers to express. This is because it is a first order
differential equation. In general, wave-like behavior can
either be described by a second-order equation involv-
ing normal scalar variables (as we’ve been using), or
it can be described by a first-order equation involving
complex numbers. In the first-order version, you have
two variables for every one variable in the second-order
one — we’ll see later that this fact allows us to use only
four variables to represent an electron using a second-
order wave equation, whereas the standard first-order
Dirac equation requires eight. The general intuition is
that a first-order wave equation involves motion as rota-
tion among its complex variables, in addition to motion
through space, whereas the second-order equation just
has motion through space. This will be clearer as we ex-
amine Schrödinger’s equation more closely.

Before we do so, we provide a review of complex
numbers for those who may not be particularly famil-
iar with them. Complex numbers are important for un-
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a

b
c = a + ib

c* = a − ib

c c* = a + b
2 2

Figure 15: Complex numbers are just a way of representing
two real values with one number, where these two values are
aligned along two separate orthogonal dimensions. The imagi-
nary number i, where i2 = −1, is what keeps these two values
orthogonal — the first value a is along the real axis, and the
second value b is along the imaginary axis. The complex con-
jugate, c∗, is simply subtracting the imaginary part instead of
adding it (i.e., it represents a “reflection” along the imaginary
dimension). Multiplying cc∗ gives the squared magnitude of
the vector, which is a single real-valued scalar number. It is the
(squared) length of the hypotenuse of the vector.

derstanding Schrödinger’s equation (as described there-
after), and for subsequent developments of the KG equa-
tion, which requires complex numbers to represent a con-
served charge value.

Complex Numbers
We now introduce the symbol φ (another variant of

the Greek symbol “phi”, like ϕ) to represent a complex-
valued state variable:

φ = a+ ib

= ϕa + iϕb (107)

So, φ is composed of two separate real-valued numbers,
designated a and b (or ϕa and ϕb, to indicate that they are
scalar state variables). A complex number is really just
a way of representing two separate real valued numbers,
aligned along orthogonal dimensions, in an efficient and
compact manner (Figure 15). It is essential to appreci-
ate that, despite the presence of the imaginary number i
(where i2 = −1 or i =

√
−1), all you ever really have is

two real-valued numbers. There is nothing “imaginary”
or mysterious or spooky about the second number in a
complex number: all the i does is keep these two values
separate from each other. In the end, we will deconstruct
all of our complex numbers into their real-valued com-
ponents, and write purely real-valued expressions that
determine their update rules. These expressions will be
more complicated than the ones using complex numbers,
but they are required for actually implementing the equa-
tions on the computer, and they also provide a more ex-
plicit and obvious indication of exactly what drives each
value.
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Here’s a few interesting facts about complex num-
bers:

• To do algebra on them, you just have to remember
to keep the real-values sorted separately from the
imaginary ones, but otherwise treat them just like a
pair of numbers:

y = a+ ib

z = c+ id

y + z = (a+ c) + i(b+ d)

yz = ac+ iad+ ibc− bd

= (ac− bd) + i(ad+ bc) (108)

Notice that this multiplication rule is the same as
(a+ b)(c+ d) = ac+ ad+ bc+ bd, where you just
multiply everything through, except that you end up
with these i terms crossing over, and when you mul-
tiply ib and id, you end up with i2bd, at which point
the i2 disappears into a −1 (i.e., it crosses over from
the imaginary world into the real one).

As you should expect from Figure 15, adding two
complex numbers is like adding two vectors, and
multiplication is just like multiplying vectors. Com-
plex numbers really are just a compact way of writ-
ing vectors!

• Multiplication by i: If you multiply a complex num-
ber by i, then you basically switch the real and
imaginary parts: the real moves to the imaginary
position, and the imaginary becomes real:

i(a+ ib) = ia− b = −b+ ia (109)

Geometrically, this is equivalent to rotating a vector
by 90 degrees! If you do this four times, you’ll end
up back where you started (as you would expect by
doing a 360).

• The complex conjugate of a complex number is just
that number with imaginary dimension inverted:

y∗ = a− ib (110)

The primary use of such a thing is to find the mag-
nitude of a complex number (i.e., the length of the
vector that it represents), as:

yy∗ = (a+ ib)(a− ib)

= a2 − iab+ iab+ b2

= a2 + b2 (111)

This should be recognizable as simply the
pythagorean theorem for the squared length of the
hypotenuse of a right triangle (a2+b2 = c2). Again,
complex numbers have no mystery: they just repre-
sent a two-valued vector.

Schrödinger’s Equation
Omitting various constants (factors of h) and any ex-

ternal force potential, Schrödinger’s equation is:

i
∂φ

∂t
= − 1

2m0
∇2φ (112)

where m0 is again the rest mass of the particle in ques-
tion. This is clearly very similar to the basic second-
order KG wave equation (equation 78):

∂2ϕ

∂t2
= ∇2ϕ−m2

0ϕ

except that the temporal derivative is first-order, and
mass enters in a different way. Nevertheless, the “driving
force” is still the overall “curvature” of the wave, com-
puted by ∇2ϕ. As we noted above, the multiplication by
the i term causes things to rotate — this rotation is key
for making the first-order equation behave like a wave.

To see this effect more explicitly, we can write out
Schrödinger’s equation in terms of the two underlying
scalar values:

i
∂ϕa + iϕb

∂t
= − 1

2m0
∇2(ϕa + iϕb)

−∂ϕb

∂t
+
∂iϕa

∂t
= − 1

2m0
∇2ϕa − i∇2ϕb (113)

where ϕa indicates a scalar state variable that is the a
component of φ, and ϕb is the b component of φ. Note
that the derivatives operate separately on each of the two
variables. At this point, we now can just separate all the
terms that involve an i from those that do not, to get up-
date equations for each of the two variables. For the real-
valued components (without the i):

−∂ϕb

∂t
= − 1

2m0
∇2ϕa

∂ϕb

∂t
=

1

2m0
∇2ϕa (114)

and for the imaginary components (dropping the i now,
because we no longer need it to keep the variables sepa-
rated):

∂ϕa

∂t
= − 1

2m0
∇2ϕb (115)

In a discrete-space and time CA-like implementation,
these equations would be written:

ϕ̇a
t+1
i = − 3

26m0

∑

j∈N26

kj(ϕb
t
j − ϕb

t
i)

ϕa
t+1
i = ϕa

t
i + ϕ̇a

t+1
i (116)
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and:

ϕ̇b
t+1
i =

3

26m0

∑

j∈N26

kj(ϕa
t
j − ϕa

t
i)

ϕb
t+1
i = ϕb

t
i + ϕ̇b

t+1
i (117)

So, in the end, Schrödinger’s equation really just
boils down to two very simple differential equations. In-
terestingly, these equations are “coupled”, in the sense
that it is the curvature of ϕa that drives the change in
ϕb, and vice-versa. This is the “rotational” aspect of the
equation mentioned earlier, which is caused by the pres-
ence of the i in the equation.

For completeness, the full version of Schrödinger’s
equation is:

ih̄
∂φ

∂t
= − h̄2

2m0
∇2φ+ V φ (118)

where h̄ = h
2π

and V is a scalar “energy potential” that
imparts some measure of force on the particle (it is es-
sentially the electrical potential).

When you actually implement Schrödinger’s equa-
tion on a computer using the update rules given above
(equations 116 and 117), the resulting system is numer-
ically unstable. In other words, the resulting numbers
quickly blow up to infinity. This is not due to any kind of
numerical roundoff error from limited precision floating
point numbers on the computer, but rather due to the way
that changes in state values reverberate back and forth
across the two scalar values. However, it is possible to
overcome it relatively simply by just alternating the up-
date: on one time step you compute one value (equa-
tion 116), and on the next you update the other (equa-
tion 117). This is what is done for illustrative purposes
in the computer explorations.

The basic phenomenology of Schrödinger’s equation
is that wave packets propagate through space, with a
speed that is proportional to ∇2φ, which in turn is pro-
portional to the frequency of the wave. In other words, it
describes exactly the same behavior as the KG equation,
where particle speed is proportional to frequency.

One critical property of Schrödinger’s equation
(which our current scalar KG equation does not have) is
that it preserves the overall magnitude of the φ state val-
ues across all of space, for all time. This is to say, if you
compute the sum of φφ∗ for each point in space, this sum
will remain the same across time under the Schrödinger
equation. This conserved value is interpreted as a proba-
bility in standard quantum mechanics. For example, we
can initialize the state with a localized wave packet (Fig-
ure 9) to represent the initial probability for the location
and velocity of a particle (velocity being a function of
the frequency of the wave packet). If we then apply the

Schrödinger equation repeatedly, we can interpret the re-
sulting φφ∗ values as the probability of the particle hav-
ing moved to the corresponding location.

In other words, the wave packet defines a kind of
“cloud of probability” for finding a discrete particle
within its midst. However, these probabilities have dif-
ferent meanings in different scenarios, and it is notori-
ously difficult to come up with a intuitively sensible in-
terpretation of what these probability clouds mean. We
return to these issues later.

Energy and Momentum Operators

The KG and Schrödinger wave equations can also be
derived in a more “top-down” manner, compared to the
very “bottom-up” mechanistic considerations we have
explored thus far. This top-down perspective has to do
with the relationships between energy and momentum
that hold for basic Newtonian physics. Specifically, one
can define something called the Hamiltonian (H), which
is the total energy of the system. This total energy is
strictly conserved over time, and one can derive New-
ton’s laws of motion from this basic fact — things can
move this energy around in different ways, but they can-
not change the total amount.

For a single particle moving in the presence of a po-
tential energy function V , the total energy of the system
is equal to the kinetic energy K of the particle plus this
potential energy:

H = K + V

=
1

2m0
~p2 + V (119)

This way of expressing the kinetic energy K in terms
of momentum ~p is important for the next steps. It can be
derived very directly from the perhaps more familiar def-
inition of kinetic energy in terms of velocity ~v squared:

K =
1

2
m0~v

2 (120)

First, we express velocity in terms of momentum:

~p = m0~v

~v =
1

m0
~p (121)

and just substitute this into the above kinetic energy
equation:

K =
1

2
m0~v

2

=
1

2
m0

1

m2
0

~p2

=
1

2m0
~p2 (122)
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Interestingly, Schrödinger’s equation can be derived
by using the Hamiltonian equation (119) together with
energy and momentum operators that apply to wave
functions (e.g., φ). Intuitively, energy is associated with
changes over time, and momentum with changes over
space. Thus, the total energy of a wave is proportional
to its first temporal derivative:

E ∝ ∂φ

∂t
(123)

and the momentum is proportional to its first spatial
derivative:

~p ∝ ~∇φ (124)

(where ~∇ =
(

∂
∂x
, ∂

∂y
, ∂

∂z

)

). So if you just take these
formulas and plug them into the Hamiltonian equation
(where we substitute E for the total energy H), you get:

E =
1

2m0
~p2 + V

∂φ

∂t
=

1

2m0
∇2φ+ V φ (125)

(where the laplacian ∇2 = ~∇2). This is basically
Schrödinger’s equation, just missing the factors of ih̄.
These factors are in fact the missing constants in the en-
ergy and momentum equations, which are properly writ-
ten in “operator form” (i.e., as things that operate on a
wave function to return the associated energy or momen-
tum value), as:

Ê = ih̄
∂

∂t

p̂ = −ih̄~∇ (126)

where the little “hats” ˆ indicate that these are operators.
I have no idea how to independently motivate these ih̄
factors, but in any case, they are just constants so it is not
all that important. If we use these for the Hamiltonian,
we recover the full Schrödinger equation:

E =
1

2m0
~p2 + V

ih̄
∂φ

∂t
= − h̄2

2m0
∇2φ+ V φ (127)

The net result is that we can conclude that
Schrödinger’s equation provides an accurate description
of the flow of energy and momentum over time of a “par-
ticle” described by a wave, such that it obeys classical
Newtonian physical laws.

The reason that Schrödinger’s equation is not correct
from the perspective of special relativity, and the KG
equation is, can be derived from the definition of total
energy in the system. The above definition, from which

Schrödinger’s equation follows, is for a classical Newto-
nian system. For a relativistic system, the proper defini-
tion of total energy was given in equation 104 (note that
this does not include any potential energy):

E2 = ~p2c2 + (m0c
2)2

E =
√

~p2c2 + (m0c2)2 (128)

If you use this new expression as the basis for a Hamil-
tonian for a wave equation, using the same energy and
momentum wave operators, you end up with this:

E =
√

~p2c2 + (m0c2)2

ih̄
∂φ

∂t
=

(

√

−h̄2∇2c2 + (m0c2)2
)

φ (129)

which doesn’t really compute all that well, for several
reasons (it is non-local because of the square root of the
laplacian, and it is not obviously relativistic either be-
cause time and space are not treated equally; see Gin-
grich (2004) for more discussion).

However, you can instead use the squared energy
form of this expression, and then substitute in the energy
and momentum operators:

E2 = ~p2c2 + (m0c
2)2

−h̄2 ∂
2φ

∂t2
=

(

−h̄2∇2c2 + (m0c
2)2
)

φ

∂2φ

∂t2
=

(

c2∇2 − (m0c
2)2

h̄2

)

φ

∂2φ

∂t2
= c2

(

∇2 − m2
0c

2

h̄2

)

φ (130)

In natural units where c = h̄ = 1, this is our favorite KG
equation:

∂2φ

∂t2
=
(

∇2 −m2
0

)

φ (131)

This exercise in mathematics provides a concise
derivation of the fact that the KG equation is a relativis-
tic version of Schrödinger’s equation, and that it encom-
passes all of special relativity, which in turn includes
classical Newtonian mechanics as a special case when
velocities are small relative to the speed of light. These
are pretty powerful statements, and in general that is the
benefit of using the energy-momentum analysis — it is
more abstract, but also more all-encompassing in scope.

Four-Vector Version
Before continuing, we explore the ultra-compact ver-

sion of the above derivations that is possible using the
four-vector space-time coordinate system introduced ear-
lier. In this system, the four-momentum operator is de-
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fined as:

p̂µ = ih̄∂µ

= ih̄

(

∂

∂ct
,− ∂

∂x
,− ∂

∂y
,− ∂

∂z

)

= ih̄

(

∂

∂ct
,−~∇

)

=

(

Ê

c
, p̂

)

(132)

As indicated, it should be clear that the first (time)
component of this is the energy operator given above,
while the spatial components are the momentum opera-
tor (equation 126):

Ê = ih̄
∂

∂t

p̂ = −ih̄~∇
If you then square this momentum operator (using the
standard covariant, contravariant four-vector definition
of multiplying vectors), you get:

p̂µp̂µ =
Ê2

c2
− p̂2 (133)

Now this is quite interesting, because it can be directly
related to the relativistic energy-momentum equation:

E2 = ~p2c2 + (m0c
2)2

E2

c2
= ~p2 +m2

0c
2

E2

c2
− ~p2 = m2

0c
2 (134)

So we can now put these two equations together, to get:

p̂µp̂µ = m2
0c

2 (135)

Now, we also know that the wave equation arises from
the second-order derivatives of a four-vector (equa-
tion 39):

∂µ∂
µ =

1

c2
∂2

∂t2
−∇2

and this four-momentum operator is essentially just a
first-order derivative with some additional constants (in-
cluding the i term, which, when squared produces a −1),
so when we apply these operators to our wave variable
φ, we get:

p̂µp̂µφ = m2
0c

2φ

i2h̄2∂µ∂
µφ = m2

0c
2φ

−h̄2

(

1

c2
∂2

∂t2
−∇2

)

φ = m2
0c

2φ

∂2φ

∂t2
= c2

(

∇2 − m2
0c

2

h̄2

)

φ

(136)

Which is right back to our KG wave equation.
In summary, the core of the KG wave equation, and

of special relativity, and much of quantum mechanics,
can all be reduced to this one simple equation:

p̂µp̂µφ = m2
0c

2φ (137)

This is in some sense the most fundamental equation of
the universe, subsuming the more popularE = mc2 and,
as we’ll see, providing the basis for further extensions to
the KG equation.

Vista Point 2

To summarize our progress so far, we have seen that
in the domain of forces, the electromagnetic field can be
understood in terms of four wave equations operating in
parallel, driven by the charge density and charge current
density. In the domain of matter, the Klein-Gordon wave
equation allows us to describe particles having the fol-
lowing properties:

• Motion at continuously variable speeds, in all direc-
tions (without asymmetries caused by the underly-
ing grid matrix).

• Newtonian (classical) physics (law of inertia, law of
force) (in the limit of small velocities relative to the
speed of light). This means that our model can ex-
plain virtually all of the intuitive everyday phenom-
ena of physics (e.g., billiard balls and cars moving
and everything that doesn’t require gravity to ex-
plain).

• Many aspects of quantum mechanics (e.g., momen-
tum proportional to wave frequency), by virtue of
the KG equation being the relativistic version of
Schrödinger’s equation.

• Special relativity (Lorentz contraction, time dila-
tion, mass inflation), which can be understood
mechanistically in terms of the properties of KG
waves as they move at increasingly faster speeds
(higher frequency = shorter wavelength = space
contraction, etc), and abstractly in terms of the KG
equation satisfying the relativistic energy Hamilto-
nian.

Again, we see that an astounding swath of fundamen-
tal physics emerges from an exceedingly simple system,
which is very nearly the simplest version of a continuous
cellular automaton that does anything interesting at all.
We simply added one additional term to the basic wave
equation (the “mass drag” term), and from that follows
so many central features of our reality. Again, one is left
with the strong feeling that there must be something to
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this: the ratio of important stuff explained to assump-
tions made is exceedingly high.

This ratio is critical. You can think of it as “bang for
the buck”, and scientists are extremely frugal shoppers,
in these terms. Assumptions are costly, and the fewer of
them you can make to explain the same amount of stuff,
the better. Here, we have made an extremely small set
of basic, strongly-motivated assumptions, and wound up
with almost every major feature of known physics! The
most important missing part is gravitation, but we’ll get
to that later.

Interestingly, this is somewhat of a high-water mark
in this respect, in that the subsequent developments of
our model will largely result in increases in complexity
that produce apparently relatively minor additional ex-
planatory benefit. However, there is good reason to be-
lieve that many of the complex and beautiful phenomena
of our universe could not exist without these extra de-
grees of complexity: the basic EM wave and KG equa-
tions do a huge amount, and are a very solid founda-
tion, but they fall short of capturing important things like
charge, and the interaction between charges via the elec-
tromagnetic field. As they say, the devil is in the details,
and our current model is just a bit to smooth and simple
to provide sufficiently complex dynamics to support be-
ings like us, to sit here and ponder it all. In any case, the
other thing scientists care a lot about is actually explain-
ing the known data, and without these extra additions,
the model simply does not.

Another important milestone that we’ve reached here
is the contemplation of what it would require to have dis-
crete particles in our system. They just do not work. In
contrast to our wave equations, particles introduce mas-
sive amounts of complexity without adding much of any
unexpected benefits. Therefore, we are entirely prepared
at this point to discard the notion of a discrete particle en-
tirely. The implications of such a move will reverberate
throughout the rest of the paper.

Overall, it is interesting to compare our strong enthu-
siasm for the KG equation with its almost total neglect in
the physics literature, which instead has been dominated
by Schrödinger’s equation and the Dirac equation that
we’ll encounter later. We like the KG equation because it
is extremely simple and elegant from the perspective of
our cellular automaton model, and its second-order na-
ture both emerges naturally out of this framework, and
solves a number of important problems (e.g., symmet-
ric propagation in all directions, which does not occur
in a first-order wave equation in the CA framework). In
contrast, the rest of physics likes Schrödinger’s equation
because it is more analytically tractable as a first-order
equation. It is linear, and it also automatically produces a
positive-valued conserved probability density, which fits

perfectly with the standard probabilistic interpretation of
quantum physics. The fact that it violates special relativ-
ity is often overlooked, and anyway the Dirac equation
solves that problem, while staying within a first-order
framework (but at the cost of introducing 8 state variables
interacting in a fairly complex way). Thus, the overall
difference is one of “mechanism” vs. “analysis,” where
standard physics is strongly weighted toward analysis.
Nevertheless, we’ll see that with appropriate further de-
velopments, a version of the KG equation can provide a
correct explanation of all the phenomena covered by the
Dirac equation.

Complex Klein-Gordon Waves: Charge!

We have mentioned that a major problem with the
scalar KG equation developed so far is that it doesn’t
represent any kind of conserved value: you cannot com-
pute some constant, unchanging value from the ϕ state
variables under this equation. Why is this a problem?
If you want to develop a probabilistic interpretation of
the wave, as in Schrödinger’s equation, then you need
this. But the conserved value that emerges naturally from
the KG equation comes with two different signs, pos-
itive and negative, whereas Schrödinger’s equation al-
ways produces a positive value. This is one of the ma-
jor reasons why the KG equation is not widely discussed
in quantum physics: it doesn’t quite fit with the standard
probabilistic framework.

Instead, it seems to make much more sense to inter-
pret the KG waves as waves of charge, because charge
is also strictly conserved, and it comes in both positive
and negative varieties. Indeed, the authors that do write
extensively about the KG equation adopt this interpre-
tation (Greiner, 2000; Gingrich, 2004; Mandl & Shaw,
1984). Furthermore, we will see that this charge interpre-
tation fits naturally with the coupling of this KG equa-
tion to the electromagnetic field, where the conserved
“charge” value acts just like the electric charge in driving
the field. Interestingly, this idea was pursued initially by
Schrödinger in 1926, and has been pursued more recently
in neoclassical self-coupled field theory (Jaynes & Cum-
mings, 1963; Crisp & Jaynes, 1969; Barut & Van Huele,
1985; Barut & Dowling, 1990; Crisp, 1996; Finster et al.,
1999a; Radford, 2003; Masiello et al., 2005). We discuss
this approach, which is essentially an analytic version of
our computational model, in more detail later.

Our emerging picture of a particle is therefore that it
is a distributed wave-packet of charge that flows through
space according to some variant of the KG equation.
This conflicts with the standard view that charge is con-
tained within single discrete point particles, that some-
how float around in clouds of moving probability waves.
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Indeed, even such a quasi-mechanistic view is too strong
for the classical “Copenhagen” interpretation of quantum
physics, which says that the particles simply do not have
any definite existence until they are measured by some
kind of measuring device. We return to such issues later.

Now, let’s see how we can get this conserved charge
value out of a KG equation. Fortunately it is quite sim-
ple, and somewhat magical. By just computing the same
basic KG equation on a complex state variable (φ) in-
stead of a scalar state variable (ϕ), a conserved quantity
emerges. The magic of this result is magnified by the
fact that, as a second order wave equation without an i
term, the KG equation on a complex variable is identical
to just computing two separate KG equations on each of
the two scalar values represented by the complex state
variable (i.e., ϕa and ϕb). Note that this was not true of
Schrödinger’s wave equation, which is first order and has
an i term that causes the a and b terms to intermix as the
wave unfolds.

To be explicit, the KG wave equation for a complex
state variable φ is:

∂2φ

∂t2
= (∇2 −m2

0)φ (138)

and, because differentiation operates independently on
the two separate scalar variables in a complex number,
this is equivalent to two parallel scalar KG equations,
which we can write as:

∂2ϕa

∂t2
= (∇2 −m2

0)ϕa (139)

∂2ϕb

∂t2
= (∇2 −m2

0)ϕb (140)

where again the ϕa indicates a scalar state variable rep-
resenting the real a component of φ, and ϕb represents
the imaginary b value.

Ok, so how do you get a charge out of that, so to
speak? As with Schrödinger’s equation, the procedure
involves multiplying by the complex conjugate (φ∗ =
ϕa − iϕb), which generally produces the overall magni-
tude or length of the vector represented by the two com-
ponents of the complex number: ϕa

2 + ϕb
2. As the

derivation presented in detail in Appendix B shows, if
you compute the sum of this value across all of space
(actually an integral, using continuous equations), and
set it equal to zero (so that it never changes), you end up
with an expression for the density and motion (current)
of a quantity that is conserved (i.e., the charge).

The resulting expression for computing the density of
charge (typically written as ρ, which is the Greek letter
“rho”), which is to say, the amount of charge per cubic
state unit, is:

ρ ≡ ih̄e

2m0c2

(

φ∗
∂φ

∂t
− φ

∂φ∗

∂t

)

(141)

where the e value is a constant (.0787??) that converts
natural units into proper units of charge.

This can be expressed in terms of the underlying
scalar state variables that make up the complex state
(φ = ϕa + iϕb), and their first temporal derivatives (ϕ̇a

and ϕ̇b), and using natural units where c = h̄ = 1, as:

ρi =
e

m0
(ϕbiϕ̇ai − ϕaiϕ̇bi) (142)

This is directly computable for each cubic cell i in the
system.

It becomes very clear when explicitly written out in
this manner that charge represents a coupling of the two
otherwise independent variables in the complex number,
and this suggests why a single scalar number cannot rep-
resent a conserved charge value. The fact that these vari-
ables are coupled here, but not in the actual wave equa-
tions that drive their updating, seems magical.

Perhaps the most important feature of this equation
is that it can be either positive or negative. For example,
if ϕaiϕ̇bi happens to be larger than ϕbiϕ̇ai (and there
is nothing preventing this from being the case), then it
will be negative. This is not true of the corresponding
expression for Schrödinger’s equation, which is “defi-
nitely positive”, or, in mathematical terminology, posi-
tive definite. As noted earlier, this is one of the major
reasons why standard quantum physics has strongly em-
braced Schrödinger’s equation, and not KG: KG does not
fit with the standard probabilistic framework, where the
wave describes a probability, and a probability is always
positive.

Interestingly, the Dirac equation, which standard
physics has adopted as a model of the electron (and we’ll
cover later), also produces negative “probabilities”, but
these have been (correctly, in our framework) reinter-
preted as representing antiparticles (i.e., particles with
an opposite charge). The antiparticle of the electron is
the positron, and it is just like an electron, except it has
the opposite charge. Historically, this antiparticle nature
of the Dirac equation was regarded as a major problem,
until positrons were subsequently discovered, and then
Dirac looked like a genius for having made such a bold
prediction. Nevertheless, there seems to be some resid-
ual discomfort in all this, and many treatments of quan-
tum electrodynamics marginalize the Dirac equation in
favor of a largely particle-based treatment. We return to
these issues later.

We can also derive an expression for the motion
charge over space, which is the charge current density
~J :

~J ≡ − ih̄e

2m0

(

φ∗~∇φ− φ~∇φ∗
)

(143)

In terms of the underlying scalar state variables (and
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Figure 16: The gradient of a scalar field (~∇), which produces
a vector field describing the slope at each point in space. These
gradient vectors point in the direction of maximum “downhill”
slope. In this example the scalar field is a circularly-symmetric
bump.

again for natural units), this is:

~J =
e

m0
(ϕa

~∇ϕb − ϕb
~∇ϕa) (144)

This value indicates how much charge is moving in each
of the three different coordinate directions; the~ sym-
bol on top of ~J indicates that this is a vector, con-
taining a separate real scalar value for each direction:
~J = (Jx, Jy, Jz). As noted earlier the ~∇ symbol is
the vector gradient operator, which computes the rate of
change of the values along each dimension:

~∇ ≡
(

∂

∂x
,
∂

∂y
,
∂

∂z

)

(145)

This just means that this ~∇ takes a three-dimensional
field, in this case the field of our wave value ϕa or ϕb

distributed over space, and computes how steeply this
field is changing in each of the three different directions
(Figure 16). If we assume that this value is actually com-
puted in our model, then we’ll need a way of computing
the gradient ~∇ in discrete space-time. This is covered in
the next section.

Before proceeding, we look ahead to the next ma-
jor development. We have ways of computing the den-
sity and current of charge (ρ, ~J), which drive the elec-
tromagnetic field. Thus, we need to think of these vari-
ables as physically real values, which can be computed
directly from the underlying wave state variables, that
give rise to long-range electromagnetic forces, through
which our particle-waves interact. The next step is to
see how the electromagnetic fields can push our particle
waves around. Before we continue, we see how the gra-
dient can be computed in the cellular automaton frame-
work, for completeness.

1/sqrt(2)

sq
rt(

2) sq
rt(

3)

1/sqrt(3)

x gradient

j+

j−

Figure 17: Computation of the spatial gradient using all 18
neighbors that have a non-zero projection along a given axis
(in this case, looking at the x axis). The two face points (+,−
along the axis) have a full projection along the axis, and thus
enter with a weight of 1. The 8 edge points each have a 1√

2

projection of their overall distance along the axis, and thus con-
tribute with that overall weighting. Similarly, the 8 corners
have a 1√

3
projection weighting. In computing the weighted

average, the sum of all neighbor differences is divided by the
sum of the weighting terms.

Discrete Approximation to the Vector Gradient

To compute the vector gradient in our discrete space-
time cellular automaton, we need to introduce a new fun-
damental computation over the neighbors (all the pre-
vious equations have all just involved a single neigh-
borhood computation for the Laplacian ∇2). This is
one sense in which the model starts getting a bit more
complex (it turns out that this computation will also be
needed later for coupling with the electromagnetic field
as well). First, in a single spatial dimension for state vari-
able s, we saw before (equation 23) that the differential
can be approximated as:

∂s

∂x
≈ 1

2ε
(si+1 − si−1) (146)

In three dimensions, the computation can be made
more accurate and robust by including more of the neigh-
bors, just as we did for the computation of ∇2. The most
relevant neighbors are the 18 that have some projection
along an axis, as illustrated in Figure 17. These can be or-
ganized into 9 rays that project through the central point,
so that the above approximation can be extended to:

1

(2 + 8√
2

+ 8√
3
)

∑

j∈N9

kj(ϕj+ − ϕj−) (147)

Where the neighborhood N9 contains pairs of points j+
and j− that are opposite ends of the 9 rays through the
central point, and the distance weighting factors kj are:

faces: kj = ±1

edges: kj = ± 1√
2

corners: kj = ± 1√
3

(148)
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So, in the end, the computation of the current,
which is a vector having three separate components
(Jx, Jy, Jz), looks like this:

Jx =
e

m0



ϕa





∑

j∈NX

kj(ϕbj+ − ϕbj−)





−ϕb





∑

j∈NX

kj(ϕaj+ − ϕaj−)









Jy =
e

m0



ϕa





∑

j∈NY

kj(ϕbj+ − ϕbj−)





−ϕb





∑

j∈NY

kj(ϕaj+ − ϕaj−)









Jz =
e

m0



ϕa





∑

j∈NZ

kj(ϕbj+ − ϕbj−)





−ϕb





∑

j∈NZ

kj(ϕaj+ − ϕaj−)
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Again, it does not look as simple as before, but never-
theless it is necessary to have a current to be able to drive
the magnetic field in an manner consistent with known
physics. Specifically, as we saw earlier, the electromag-
netic field equations require both ρ and ~J values as their
sources. In addition, this gradient operation is necessary
for several other computations in our model, so, like the
laplacian, it can be thought of as one of just a few basic
operations that take place over the neighborhood of cells.

Minimal Coupling of Charge Waves with
Electromagnetic Fields

At this point, we have a charged wave that can gener-
ate an electromagnetic field according to the charge den-
sity ρ and current density ~J , and we know how this elec-
tromagnetic field propagates according to wave equa-
tions. Now, we need to have that electromagnetic field
interact with the charge wave to produce actual forces on
our model “particles”. This occurs by introducing new
terms into the complex KG wave equation, which, intu-
itively speaking, act as external “driving forces” on this
charge wave, in much the same way that the charge and
current act as driving forces on the electromagnetic wave
equations.

In the electromagnetic field equations, the driving
force from charge ρ adds into the second-order tempo-
ral derivative ∂2

∂t2
(equation 65):

∂2A0

∂t2
= ∇2A0 +

1

ε0
ρ

However, in Schrödinger’s equation, external forces en-
ter as a potential (V ), in the first-order derivative ∂

∂t

(equation 118):

ih̄
∂φ

∂t
=

h̄2

2m
∇2φ+ V φ

This makes sense, because force is the derivative of a
potential, so potential is a first-order factor, and force is
a second-order factor.

Our KG (Klein-Gordon) charge wave equation is a
second-order equation, expressed in terms of ∂2

∂t2
, and

therefore we need to include external driving forces, not
potentials. However, for various reasons, it is necessary
to derive such an equation starting from the potential. To
do this, we can re-derive a second-order wave equation
by replacing the first-order derivative with the first-order
derivative with the external driving potential:

∂µ → ∂µ − e

c
Aµ (150)

We can then substitute this first-order four-vector deriva-
tive into the four-vector version of the KG wave equation
(in natural units), which is (equation 81):

∂µ∂
µφ = −m2

0φ

because, as we’ve noted before (equation 39):

∂µ∂
µ =

∂2

∂t2
−∇2

So the compact form of the KG wave equation with min-
imal coupling is therefore:

(∂µ − eAµ) (∂µ − eAµ)φ = −m2
0φ (151)

To get all the units right, and perhaps add some con-
ceptual clarity, we can do the same thing with the four-
momentum version of the wave equation (equation 137),
which is:

p̂µp̂µφ = m2
0c

2φ

where the momentum operator is essentially just the
four-derivative, plus the pesky i and h̄ factors (equa-
tion 132):

p̂µ = ih̄∂µ

So now we can say that the electromagnetic potential
pushes directly on the momentum of the wave-particle:

p̂µ → ih̄∂µ − e

c
Aµ (152)



36 An Autonomous, Emergent Model of Fundamental Physics

and the same goes for the covariant forms:

p̂µ → ih̄∂µ − e

c
Aµ (153)

This notion of the potential pushing directly on the
momentum of the particle hopefully makes good intu-
itive sense, even if all the associated mathematics does
not. In any case, the resulting KG wave equation be-
comes:

(

p̂µ − e

c
Aµ
)(

p̂µ − e

c
Aµ

)

φ = m2
0c

2φ (154)

which can also just be written more compactly as a
squared expression:

(

ih̄∂µ − e

c
Aµ

)2

φ = m2
0c

2φ (155)

When this equation is crunched through to produce
separate time and space derivatives (as detailed in a sub-
sequent section), we get a standard second-order wave
update equation plus a few extra terms (in natural units):

∂2φ

∂t2
= ∇2φ−m2

0φ−

2ie

(

A0
∂φ

∂t
+ ~A · ~∇φ

)

+

e2φ
(

A2
0 − ~A2

)

(156)

Including all of the various constants, it is:

∂2φ

∂t2
= c2

(

∇2 − m2
0c

2

h̄2

)

φ−

2ie

h̄

(

A0
∂φ

∂t
+ c ~A · ~∇φ

)

+

e2φ

h̄2

(

A2
0 − ~A2

)

(157)

This equation amounts to the basic KG wave equa-
tion, plus terms that involve the interaction between the
charge wave and the electromagnetic field potentials A0

and ~A. For example, in the second term of this equa-
tion, the vector potential ~A “pushes” on the gradient of
the wave function ~∇φ, and the scalar potentialA0 pushes
on the temporal derivative ∂φ

∂t
. Notice that these interac-

tions are all first-order, in terms of the potentials and first-
order derivatives of the wave equations. The second-
order electromagnetic force fields ~E and ~B do not ap-
pear at all! This is despite the fact that these are widely
regarded as the primary observables of electromagnetic

force. Also, the electromagnetic terms introduce a cou-
pling between the two components of the complex vari-
able φ, because of the presence of the imaginary number
i in this term. Therefore, it is only the “free” particle
(without electromagnetic forces) that has the completely
uncoupled scalar components.

Before we pause to reflect more, we need to take two
more steps. First, because φ is a complex variable, we
need to further compute the separate real-valued update
equations for ϕa and ϕb to simulate this in our model.
Second, we need to update the charge and current equa-
tions for this new version of the KG wave equations.

The resulting CA model update equations (including
all the relevant c and h̄ factors) are:

ϕ̈a
t+1 = c2

(

∇2ϕa − m2
0c

2

h̄2 ϕa

)

+

2e

h̄

(

A0ϕ̇b + c ~A · ~∇ϕb

)

+

e2

h̄2ϕa

(

A2
0 − ~A2

)

(158)

and:

ϕ̈b
t+1 = c2

(

∇2ϕb −
m2

0c
2

h̄2 ϕb

)

−

2e

h̄

(

A0ϕ̇a + c ~A · ~∇ϕa

)

+

e2

h̄2ϕb

(

A2
0 − ~A2

)

(159)

(where for simplicity the right hand side variables are im-
plicitly taken at time t for cell i, and the discrete versions
of ∇2 and ~∇ presented earlier are assumed). Note that
we again need the first-order spatial gradient operator ~∇
as a basic computation in our model, but otherwise all
the variables are local to the system.

The conserved charge and current values computed
by this equation must also be updated. The coupling
with the electromagnetic field has introduced additional
factors here, which depend on the electromagnetic po-
tentials A0 and ~A. For the charge density ρ, we have:

ρ =
ih̄e

2m0c2

(

φ∗
∂φ

∂t
− φ

∂φ∗

∂t

)

− e2

m0c2
A0φφ

∗

(160)
If you compare with the original charge equation for the
complex KG equation (equation 142), it is the same ex-
cept for the last term. Similarly, the current density ~J
is:

~J ≡ − ih̄e

2m0

(

φ∗~∇φ− φ~∇φ∗
)

− e2

m0c
~Aφφ∗ (161)
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again with an extra term at the end relative to equa-
tion 144.

These equations need to be converted into computa-
tional expressions in terms of the separate complex com-
ponents, as before:

ρ =
h̄e

m0c2
(ϕbϕ̇a − ϕaϕ̇b) −

e2

m0c2
A0(ϕa

2 + ϕb
2)

(162)

~J =
h̄e

m0
(ϕa

~∇ϕb − ϕb
~∇ϕa) − e2

m0c
~A(ϕa

2 + ϕb
2)

(163)
At this point, we have reached an important mile-

stone — if you take the equations just presented above,
this describes a particle as a distributed wave of charge
that gets pushed around by the electromagnetic field po-
tentials (A0 and ~A). Furthermore, this wave of charge
produces electromagnetic fields, in terms of charge and
current densities ρ and ~J . Thus, we finally have a com-
plete system of equations that can potentially simulate
charged particles whizzing around and interacting with
each other. In other words, we finally have the potential
to make direct contact with observable physics! Indeed,
you can explore the behavior of this system in the model,
by using the Complex Coupled KG wave equations set-
ting.

Numerical Issues with Coupling: Symmetry
Breaking

When you actually simulate these equations on the
computer, something very interesting (and initially dis-
tressing) happens — they blow up! As you run the equa-
tions over time in the presence of a fixed electromagnetic
field, the total charge value, far from being a constant,
increases steadily, and eventually you end up with num-
bers approaching infinity. This is not because the math
is wrong (after very thorough checking!), but because
of the coupling between the two elements of the com-
plex variable that occurs in the update equation. Specif-
ically, the update of ϕa depends on ϕ̇b and ~∇ϕb, and
vice-versa. This interdependency creates numerical in-
stabilities when we simply substitute in the discrete com-
puted values at each time step. In particular, because the
change in ϕa depends on the change in ϕb, this cycle of
dependency can get out of whack.

Intuitively, the electromagnetic potentials drive a ro-
tation through the ϕa and ϕb variables, which is evident
in the fact that they subtract from ϕb but add to ϕa —
these opposite signs are the signature of a rotation (and
incidentally are caused by the presence of the imaginary
i numbers in the equations). To the extent that the po-
tentials are pushing the ϕa variable up, there should be
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Figure 18: Total charge for updating of the charge wave equa-
tion over 100,000 time steps in the presence of a fixed 1/r po-
tential with magnitude .5, in a universe of 503 cubes. The in-
stantaneous total charge varies considerably over time, but the
average across time is constant, demonstrating that total charge
is conserved on average, but not at each moment. If no poten-
tial is present, then charge is identically conserved from one
time step to the next.

an equal and opposite pushing of the ϕb variable down,
causing the rotation. However, if the ϕb variable only
has the “old” data from the previous time step about how
much ϕa got pushed up, then it doesn’t compensate cor-
rectly in how much it gets pushed down. Thus, you end
up with a “leak” in the system, where instead of rotat-
ing nicely in place, the system starts to fly out of control,
spinning wider and wider circles each time.

The solution to this problem is to break the symmetry
between ϕa and ϕb in these update equations. Instead
of updating each of them at the same time, based on the
prior values of the other, we choose one variable (ϕa,
arbitrarily) and update its values first. Then, when we
compute ϕb, we use the current value of ϕ̇a in the up-
date equation for ϕb. This prevents the rotation between
these variables from getting out of whack, and restores
numerical stability to the system.

However, if you run this equation in a static electro-
magnetic field, it is clear that the total amount of charge
in the model at any one time changes over time (Fig-
ure 18). This is flies in the face of the fancy math that
says that these equations conserve charge! Somewhat
amazingly, however, if you run the system long enough,
it becomes clear that the average amount of charge never
changes.

Overall, we have now happened upon a very inter-
esting situation. The breaking of symmetry between the
two variables in the complex wave state, forced upon us
by implementational considerations, actually fits at least
qualitatively with a known and otherwise very puzzling
property of physics. The weak force also breaks symme-
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try in a very similar way: there is a preferred direction of
rotation in the weak force. Although it is not yet clear (to
me at least) that this preferred rotational direction in the
weak force maps identically onto this preferred rotation
direction, it is nevertheless a tantalizing possibility. The
weak force has been integrated with the electromagnetic
force, as the electroweak force — it is possible that the
effects described by the electroweak force correspond in
some way to the oscillations in charge value that are ob-
served in our model. We will return to these issues later.

Meanwhile, we nee need to introduce just a bit more
complexity into our KG wave equation before we have
a fully satisfactory model of a fundamental particle of
nature: the electron (and its antiparticle, the positron).
This extra bit of complexity extends the phenomenon of
rotation that we’ve just been discussing, to account for
the strange quantum mechanical property of spin. The
resulting equation goes by the name of the second-order
Dirac equation. Once we have that, we will have a com-
plete system that, if all the math is correct, should make
direct and numerically accurate contact with observable
phenomena!

Before moving on to spin, there are two remaining
loose ends for the present set of equations. First, there is
an interesting interpretation of the way that the electro-
magnetic potential interacts with our charge wave, called
local gauge invariance, which provides a template for
exploring the other two forces of nature: the weak and
strong forces (which we will not cover further in this pa-
per). Second, we have the actual mechanics of deriving
the above equations.

Local Gauge Invariance

If you look at it in the right way, the electromagnetic
field can be seen as a way of canceling out an extra de-
gree of freedom present in the complex KG wave field
equations. As we mentioned earlier, the Lorenz gauge is
an example of a situation where we introduced some ex-
tra constraints on the field variables, and this eliminated a
degree of freedom in the electromagnetic equations, and
also made them appear a lot simpler than they otherwise
would. This notion of a “gauge” is very general: it just
means that whenever you have some unconstrained val-
ues in your equations (i.e., values that can change with-
out changing the observable results that you can measure
in physics experiments), then you need to apply some
kind of gauge to fix these variables. In the Lorenz gauge
example, the extra degree of freedom comes from the fact
that the observable variables are the force vectors ~E and
~B, which are essentially derivatives of the underlying po-
tentials A0, ~A. Thus, the raw values of the potentials can
be moved up or down, and it won’t change the slope of
the fields, and therefore it won’t change the observable

force vectors. However, it is not clear exactly how to
reconcile such an argument with the fact that the poten-
tials appear directly in our coupling equations, and also
are observable in terms of the Arahnov-Bohm effect, as
discussed elsewhere.

Nevertheless, here is the argument for the electro-
magnetic coupling being a form of local gauge invari-
ance. If you just take our basic complex KG wave equa-
tion, you can get exactly the same overall behavior if you
multiply the thing by a “phase transformation” (it is of-
ten said that gauge invariance should really be phase in-
variance) which is basically just a “rotation” along the
complex axes. This is exactly the kind of rotation dis-
cussed above. The generic form of a rotation in complex
numbers is to multiply by an exponential term:

φ(x) → exp

(

ie

h̄c
χ

)

φ(x) (164)

Where the χ term is the amount that you’re rotating (the
rest are just convenient constants for getting χ into the
right units) — think of it as some number of degrees of
rotating the underlying ϕa value into ϕb (and vice-versa)
for the complex number φ.

If χ is independent of location (x), then it is just
a constant and nothing happens. This is a global
gauge/phase transformation, and it is not very interest-
ing. However, if χ is now itself a function of location
(i.e., χ(x)), this is a local gauge transformation, and this
is where the electromagnetic coupling comes in. If you
have such a local variable, and you take the derivative
of the resulting overall system that includes this locally-
varying thing, you get this extra term for the derivative
of χ(x) with respect to x:

∂µφ(x) → exp

(

ie

h̄c
χ(x)

)(

∂µ +
ie

h̄c
∂µχ(x)

)

φ(x)

(165)
So now your nice wave equation is a mess, and it

varies from one place to another as a function of this
∂µχ(x) term. So here is the trick: you basically just
add this annoying term into the overall EM potential field
(which is OK because such additions do not change the
gradients and therefore do not affect observable EM field
vectors):

Aµ(x) → Aµ(x) + ∂µχ(x) (166)

And then you just subtract this whole thing back out from
your messy equation, and this gives you something just
slightly less messy:

(

ih̄∂µ − e

c
Aµ

)

φ (167)

So, this ends up being the same thing as the minimal
coupling described earlier. Somehow, this whole pro-
cess seems like a rather contrived way to end up with
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something that already made quite a bit of sense before
hand. However, as noted earlier, the true payoff of such
a procedure appears to come in addressing the weak and
strong forces, which we leave for a future refinement of
the model.

Vista Point 3

This is just a brief stop, to reiterate that we now have
a full electrodynamic system with bidirectional interac-
tions between a wave of charge and the electromagnetic
force field. The wave equation remains at the core of
both the charge wave and the electromagnetic field equa-
tions, but we did have to add in a few extra first-order
spatial gradient computations here and there. All of this
was necessary to get our electrodynamics working ac-
cording to known physical laws. It may not be quite
as elegant as our simplest system of a pure wave field
for forces, and a simple scalar KG wave equation for
our particle, but elegance cannot trump physical facts.
Still, all the broad implications of those core wave equa-
tions (special relativity, Newtonian-like dynamics, quan-
tum physics, etc) all hold for our more elaborated equa-
tions.

Perhaps the most surprising development here is that
we had to break the symmetry between the two compo-
nents of the complex state variable, and introduce a pre-
ferred direction of rotation, in order to avoid numerical
instability. This numerical instability results when vari-
ables are coupled, and the rotation through the ϕa and
ϕb variables produced by the interaction with the elec-
tromagnetic field is manifest as such a coupling. This
break in symmetry and preferred direction of rotation
bears a tantalizing resemblance to features of the weak
force, suggesting a possible explanation for an otherwise
very strange aspect of nature.

Our overall model at this point consists of a small
handful of locally computable equations, which can be
readily simulated on a computer. As these equations
play out, they deterministically, locally, and automat-
ically generate physics that should be largely consis-
tent with what we know about the world. However, as
we noted before, our equations are missing one critical
piece, which is spin.

Interestingly, the introduction of spin creates a parity
in the number of variables participating in the electro-
magnetic field equations (four) with those in the particle
charge wave, which is currently two, but will now dou-
ble to four. Overall, the elegance of having four vari-
ables each in two systems of interacting wave equations,
which unfold in a four-dimensional space-time, seems
suspiciously neat.

Second Order Dirac Equation: Spin!

The final step in our long journey is to come to terms
with the full glory of the electron. The standard model
of physics has a set of parameters that are used to char-
acterize the basic properties of the fundamental particles.
One such property is the rest mass m0, which we intro-
duced into our particle-wave equation to make the waves
slow down and move at variable speeds. Another such
property is electrical charge, which we were able to ex-
tract from our wave equation once we used a complex-
valued state variable, having two independent scalar val-
ues within it. Furthermore, we found that this charge
could come with two different signs, positive or negative.
This turns out to be convenient, because electrons also
come in a positive form, called a positron. The positron
has the same mass as the electron, but just an opposite
charge.

The third basic property of the electron is known as
its spin. It is known as a spin 1

2 particle, along with all
of the other fundamental particles know (e.g., quarks).
Unfortunately, our wave equations so far do not support
this spin property, and so we’ll need to do a little bit
more work. However, once we’re done, we’ll find that
our equations capture all of the fundamental properties of
the electron: we should have a 100% complete descrip-
tion of it! Actually there is one last thing, which is that
the electron is a member of the lepton family, whereas
the other fundamental particles are quarks, and they have
other fundamental properties in addition to those carried
by leptons. But, this is presumably because quarks live
in some other set of state variables separate from the lep-
ton state variables we’re simulating here in our model.
So, with that assumption, we might have captured every-
thing about the electron.

So what exactly does it mean for an electron to have
spin 1

2? The quantum mechanical concept of spin is per-
haps one of the most difficult to grasp. Sometimes peo-
ple try to think of a little point particle spinning about
like a top on its axis, but this doesn’t actually fit the facts
very well. In the end, the best strategy may be to just see
what the equations we derive next actually do, and call
that spin. Indeed, in the computer simulations, one can
clearly see a spinning motion. This spin is very much like
the first-order Schrödinger equation dynamics, where the
two different elements of the complex variable rotate into
each other. We also saw this kind of rotation earlier in the
complex coupled KG equation, where the electromag-
netic potential introduced a rotation among the complex
variables. In the present case, we’re going to have four
different variables, and they will all rotate amongst them-
selves to produce this mysterious spin.

Incidentally, quantum physics holds that photons
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(which we think of as wave packets of the electromag-
netic field that we’ve already characterized above) have
a spin of 1. Furthermore, the charged complex KG wave
equation is described as having a spin of 0. This lat-
ter case makes sense to me, in that the two components
of the complex number do not rotate into each other, and
thus they do not spin at all. However, the electromagnetic
field case is a bit more confusing, because as we saw, the
four components of this field do not interact with each
other in the basic wave equations either! Therefore, it
would seem that it should have a spin of 0 as well. Coun-
tering this are two considerations. First, the observable
variables of the electric and magnetic fields ~E and ~B,
which are derived from these non-interacting electrical
potentials, do rotate around each other as the wave prop-
agates. Second, when these potentials interact with our
charge wave, the do so in a way that ends up coupling
(and rotating) the two independent scalar values in the
complex number, and thus they impart some spin on our
otherwise spinless particle.

Our first step is to introduce a new state variable ψ,
to represent a field having four independent scalar val-
ues. Mathematically, this is defined as a vector of two
complex numbers:

ψ =

(

ϕ1a + iϕ1b

ϕ2a + iϕ2b

)

(168)

where the first complex number is denoted with a sub-
script 1, and contains the two real-valued components
ϕ1a and ϕ1b, and the second has subscript 2, and con-
tains ϕ2a and ϕ2b. So, the spin is going to amount to
these four variables rotating amongst themselves.

How do we extend our basic complex-coupled KG
equation to include this spin factor? Several authors
in the literature have described a second-order version
of the Dirac equation, which should look very familiar
to you at this point, because it is essentially our cur-
rent KG equation plus one additional spin term. One of
the first references to such a thing comes from Feynman
and Gell-Mann (1958), where they describe an equation
that possesses all of the critical properties of the stan-
dard first-order Dirac equation, and note that it only re-
quires four state variables instead of the eight required
for the first-order equation. Indeed, Feynman states that
he much prefers this form of the equation. This affec-
tion is presumably not widely shared, because there are
relatively few other references to such an equation in the
literature. Most of them come from a series of papers by
Levere Hostler (e.g., Hostler, 1982, 1983, 1985).

The version of the equation described by Feynman
and Gell-Mann (1958) is:
[

(i∇µ −Aµ)
2

+ ~σ ·
(

~B + i ~E
)]

ψ = m2
0ψ (169)

where ~σ are the standard Pauli matricies that we’ll de-
scribe in a moment. Hostler (1985) describes a similar
equation (which has the minus sign reversed in various
places, but is otherwise the same):
[

(−i∂µ − eAµ)
2

+m2
0 + ei~σ ·

(

~E + i ~B
)]

ψ = 0

(170)
It should be clear that the first squared term is just the

complex KG equation coupled to the EM field. There-
fore, we can write this equation in our current notation
as:
[

(

ih̄∂µ − e

c
Aµ

)2

+
e

c
~σ ·
(

~B + i ~E
)

]

ψ = m2
0c

2ψ

(171)
Now for the Pauli matricies ~σ. This is a vector of

values (σx, σy, σz) that enter into a dot product with the
complex-valued vector composed of the magnetic and
electric field values ~B and ~E:

~σ =

((

0 1
1 0

)

,

(

0 −i
i 0

)

,

(

1 0
0 −1

))

(172)
In the end, the net result of the dot product with an arbi-
trary vector ~p is:

~σ · ~p =

(

pz px − ipy

px + ipy −pz

)

(173)

So applied to our ~B + i ~E vector, it is:

~σ ·

“

~B + i ~E
”

=
„

Bz + iEz Bx + iEx − iBy + Ey

Bx + iEx + iBy − Ey −Bz − iEz

«

=

„

Bz + iEz Bx + Ey + i(Ex − By)
Bx − Ey + i(Ex + By) −Bz − iEz

«

(174)

So, now we’re getting some sense of how this works:
different components of the electromagnetic field exert
different forces on the different components of the ψ
state, producing a rotational effect.

This entire result then is multiplied by the two com-
plex numbers in the ψ state:
„

Bz + iEz Bx + Ey + i(Ex − By)
Bx − Ey + i(Ex + By) −Bz − iEz

«

×

„

ϕ1a + iϕ1b

ϕ2a + iϕ2b

«

(175)

Which produces this for the first complex number:

ϕ1a + iϕ1b = (ϕ1a + iϕ1b)(Bz + iEz) +

(ϕ2a + iϕ2b)(Bx + Ey + i(Ex −By))

(176)
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which decomposes into the two scalar variables as:

ϕ1a = ϕ1aBz − ϕ1bEz +

ϕ2a(Bx + Ey) − ϕ2b(Ex −By)

ϕ1b = ϕ1bBz + ϕ1aEz +

ϕ2b(Bx + Ey) + ϕ2a(Ex −By)

(177)

And for the second complex number:

ϕ2a + iϕ2b = (ϕ2a + iϕ2b)(−Bz − iEz) +

(ϕ1a + iϕ1b)(Bx − Ey + i(Ex +By))

(178)

which decomposes into:

ϕ2a = −ϕ2aBz + ϕ2bEz +

ϕ1a(Bx − Ey) − ϕ1b(Ex +By)

ϕ2b = −ϕ2bBz − ϕ2aEz +

ϕ1b(Bx − Ey) + ϕ1a(Ex +By)

(179)

So, with the minus sign flip that took place in the
main equation, and the fact that all of the rest of the
equation operates on each complex component of ψ sep-
arately, without any mixing across components, the final
update equations for this second-order Dirac equation are
just the basic complex KG equations plus these terms:

ϕ̈1a = ∇2ϕ1a −m2
0ϕ1a +

2e
(

A0 ˙ϕ1b + ~A · ~∇ϕ1b

)

+

e2ϕ1a

(

A2
0 − ~A2

)

+

e (ϕ1aBz − ϕ1bEz+

ϕ2a(Bx + Ey) − ϕ2b(Ex −By))

(180)

ϕ̈1b = ∇2ϕ1b −m2
0ϕ1b −

2e
(

A0 ˙ϕ1a + ~A · ~∇ϕ1a

)

+

e2ϕ1b

(

A2
0 − ~A2

)

+

e (ϕ1bBz + ϕ1aEz+

ϕ2b(Bx + Ey) + ϕ2a(Ex −By))

(181)

ϕ̈2a = ∇2ϕ2a −m2
0ϕ2a +

2e
(

A0 ˙ϕ2b + ~A · ~∇ϕ2b

)

+

e2ϕ2a

(

A2
0 − ~A2

)

+

e (−ϕ2aBz + ϕ2bEz+

ϕ1a(Bx − Ey) − ϕ1b(Ex +By)

(182)

ϕ̈2b = ∇2ϕ2b −m2
0ϕ2b −

2eϕ2a

(

A0 ˙ϕ2a + ~A · ~∇ϕ2a

)

+

e2ϕ2b

(

A2
0 − ~A2

)

+

e (−ϕ2bBz − ϕ2aEz+

ϕ1b(Bx − Ey) + ϕ1a(Ex +By))

(183)

Again, it is fundamentally the wave equation, plus
three additional terms that characterize the interaction
with the electromagnetic field. Note that, as with the
mixing across complex components ϕa and ϕb that oc-
curred in the previous version of the coupled KG equa-
tions, the mixing or spin across φ1 and φ2 occurs via the
electromagnetic field interaction. This time, the vector
force fields are now required for the coupling, requiring
that we compute them from the potentials, as described
earlier (involving the ~∇ first-order gradient and, for the
first time, the ~∇× function, which is very similar in its
discrete form to the ~∇ function).

Interestingly, although we need to continue the bro-
ken symmetry from the previous coupled-complex KG
equation, where we use the current values of ˙ϕ1a and
˙ϕ2a to update the ϕ1b and ϕ2b variables, we apparently

do not need to perform a similar symmetry breaking for
the new couplings in this Dirac equation.

So, to answer the question of “what is spin?”, we
need only look at these equations. Spin, it seems, is this
rotation of state values through the two complex vari-
ables in the ψ state: φ1 and φ2. As is evident, this
spinning occurs via interactions with the electromagnetic
field vectors oriented along the three different spatial di-
rections. The fact that, in our CA model we actually fix
these directions according to the underlying cubic grid
may seem strange and arbitrary. However, this does not
mean that stuff can only spin along these fixed directions,
anymore than it means that waves can only propagate in
certain directions. By having different continuous values
along these dimensions, any “direction” of spin relative
to the underlying grid can occur.
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Although somewhat complex, these equations should
describe the entirety of the complexity of the electron’s
interaction with the electromagnetic field, which is to
say, with other electrons and positive electric charges in
the nucleus. Therefore, as we know, a huge proportion
of the known complexity of the universe stems from the
consequences of these basic equations. So, perhaps they
do not look so complex in comparison.

One final thing to note is that the charge and current
density equations from the previous version of the cou-
pled complex KG equation still hold for this Dirac ver-
sion, because these additional terms to not enter into the
covariant derivative, and are therefore canceled out in the
subtraction, just like the mass term. The actual numeri-
cal calculation changes only to accommodate the ψ state
value instead of the single complex φ state. The charge
and current equations are:

ρ =
h̄e

m0c2
((ϕ1b ˙ϕ1a − ϕ1a ˙ϕ1b)+

(ϕ2b ˙ϕ2a − ϕ2a ˙ϕ2b)) −
e2

m0c2
A0(ϕ1a

2 + ϕ1b
2 + ϕ2a

2 + ϕ2b
2)

(184)

~J =
h̄e

m0c2

(

(ϕ1a
~∇ϕ1b − ϕ1b

~∇ϕ1a)+

(ϕ2a
~∇ϕ2b − ϕ2b

~∇ϕ2a)
)

−
e2

m0c2
~A(ϕ1a

2 + ϕ1b
2 + ϕ2a

2 + ϕ2b
2)

(185)

Gravitation and Warped Space-Time

Having now fully developed a model of the elec-
tron/positron “particle” interacting with the electromag-
netic field, we briefly consider how the other major long-
range force of nature, gravitation, might enter into our
model. The current model of gravitation is Einstein’s
general theory of relativity, which states that space and
time are curved by mass and energy (which are the same
thing anyway). As the name suggests, general relativity
is therefore a generalization of the space and time warp-
ing described in special relativity. Under this theory, the
gravitational “force” that we feel is really due to space
being warped in such a way that a “straight line” (the
“path of least resistance”) actually takes you down to the
center of the earth, and you have to expend energy to
stray from that path and stay on the earth’s surface (and
even more energy to get further away from the center of
the earth, by climbing a mountain or flying in the air).

As you might know, the integration of gravity with
quantum mechanics in the standard model of physics has
been a very thorny problem for a number of years. One
of the strengths of modern string theory is that it provides
a potential framework for unifying these forces. The crux
of the problem is that the standard model postulates the
existence of a “quantum foam” at the Planck scale (i.e.,
the scale of the cubes in our model), where virtual par-
ticles are constantly being created and destroyed. Ac-
cording to the quantum uncertainty principle, these vir-
tual particles can have an energy inversely proportional
to their lifetimes, so for very short times they can be very
massive. The Planck scale is at this very short time scale,
which thus corresponds to a very high energy scale. En-
ergies are also high due to the strong field strength of
forces if you think that they come from discrete point
particles, as we mentioned earlier. All of this high energy
causes problems for general relativity, because it requires
that space and time get bent out of shape in proportion to
the local amount of energy. These quantum energy levels
are so high, that space is effectively discontinuous, and
everything is a foamy mess.

The integration of gravitation into our model avoids
these problems. We have no virtual particles (more on
this later), and charge is distributed across the particle
wave in a relatively thin layer, so forces never get that
strong. Therefore, the energy levels at any one point
in space, even at the Planck scale, are never particularly
high, and space can remain very smooth and continuous.

The gravitational field g enters into our model by in-
creasing the distances between neighboring points, in ef-
fect warping space. To fit with general relativity as ex-
plained below, g must make a linear contribution to the
neighborhood distance coupling factors. With this grav-
itational warping in place, the laplacian calculation be-
comes:

∇2 ≈ 1

mi

3

13

∑

j∈N
kg

ij(ϕj − ϕi) (186)

where the coupling factors kg
ij in the 26-neighborhood N

are:
kg

ij =
1

d2
ij + 2|gj |

(187)

Recall that in flat space the coupling factors are:

kij =
1

d2
ij

(188)

So, it is clear that the gravitational field is simply adding
to the distance between neighboring points in space. The
absolute value |gj | is required because although g is typi-
cally positive, wave propagation can cause it to go briefly
negative, and this might lead to a singularity. It is also
possible to simply prevent g from ever going below 0
— this affects some wave propagation but may be more
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“plausible” in some sense. The factor of 2 in equa-
tion 187 is required for the fit with general relativity, as
explained below.

Gravitation also warps time, by determining the ef-
fective “mass” of the wave field mi:

mi = 1 + 2|gi| (189)

Thus, larger gravitational values effectively slow down
the rate of change of the wave field, achieving the time
warping of general relativity. Previously, the mass of
the wave fields themselves have been implicitly set to 1.
Also it is important not to confuse this “mass” value with
the particle rest massm0 — the latter enters as a subtrac-
tive term to the laplacian, whereas this gravitational mass
mi is multiplicative, and is mathematically equivalent to
reducing the speed of light factor, c2. Therefore, it should
be clear that it affects perceived time, by slowing down
the wave dynamics.

The gravitational field also propagates according to
a discretized wave equation, and is driven at each cell
by the energy Ej of all the other wave dynamics (elec-
tromagnetic and charge waves) averaged over the local
neighborhood:

g̈t+1
i = ∇2 1

∑

j∈N
1

d2

ij

∑

j∈N

Et+1
j

d2
ij

(190)

Note that this gravitational field is not affected by itself:
the coupling factors are the standard squared distance
terms without the extra gravitational distances, and the
effective “mass” of each point in the gravitational field is
1. Nevertheless, the gravitational field indirectly couples
with itself via its effects on the other wave fields.

The one final equation necessary to complete our
model is a local computation of the energy Ei present in
each cell due to the other wave dynamics. For a classical
wave, this energy is

Et+1
i =

1

2
(1+2|gi|)

(

ϕt+1
i − ϕt

i

)2
+

1

2

3γw

13

∑

j∈N

(ϕt
i − ϕt

j)
2

d2
ij + 2|gj |
(191)

where the first term is the kinetic energy ( 1
2mv

2), and the
second is the potential energy (gravitationally weighted)
represented by the displacement of the current cell rela-
tive to its neighbors.

Relationship To General Relativity

The space-time curvature imposed by the gravita-
tional field in the present system is identical to that
of general relativity, at least within the simplified
Schwarzchild metric. This metric represents an idealized
universe with a single static spherical object of mass M

(e.g., an idealized star), using a radial coordinate system.
Space is stretched along the radial direction r as follows:

grr =
1

1 − 2M
r

(192)

and time is stretched by a similar factor. In the present
system, the neighborhood coupling factors kg warp
space according to their inverse (i.e., weaker coupling =
greater effective curvature), so that the effective stretch-
ing can be conveniently computed in terms of the value
of 1

kg as a function of the distance r′ along a grid axis
from a single fixed point mass:

1

kg
ij

= 1 + 2gj = 1 +
2M

r′
(193)

where the gravitational field gj in the absence of any
driving energy falls off as M

r′
(and is thus proportional

to the Newtonian gravitational potential field). These
two curvature values are equivalent if we use an offset
of r′ = r − 2M (i.e., measuring the radial distance from
the Schwarzchild radius 2M instead of from the center
of the mass). The same math goes through for time di-
lation. Although the present framework supports wave
propagation of the gravitational field, as in general rela-
tivity, this and other more complex relationships have yet
to be firmly established.

One important difference from general relativity is
that our model has a default geometry of flat space,
whereas general relativity has no such thing: the geome-
try of space is completely determined by the energy dis-
tribution throughout space in general relativity. The flat
underlying reference frame in our model may have im-
portant explanatory benefits, for example in providing
an explanation for the otherwise somewhat coinciden-
tal flatness of empty space (for which the controversial
cosmological constant was invoked in the framework of
general relativity) — in the absence of all matter, space
in the present system reflects the cartesian flatness built
into the matrix.

General Properties of Gravitation

From our modeling implementational perspective,
the overall effect of the gravitational field has some in-
teresting pragmatic properties. Specifically, as the waves
within a given region fluctuate at higher energies (mean-
ing higher frequencies), the time constant on integration,
and the strength of neighbor coupling, both go down.
The net result is a kind of automatic numerical stabil-
ity control: the numerical stability of the wave functions
depends on the frequency of the waves being simulated,
and higher frequency waves put a stronger test on the sta-
bility of the system. Thus, gravitation serves to automati-
cally scale down the time and space coupling constants to
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ensure that high energy dynamics remain stable. Is this
purely coincidental? A similar line of reasoning about
gravitation regularizing the Maxwell-Dirac equations is
provided by Finster et al. (1999a, 1999b).

At the level of single electrons, the effects of the
gravitational field are sufficiently weak as to be negli-
gible. In Planck units, the gravitational effects become
strong when the mass-energy per unit cube approaches
the Planck mass, which is roughly 2x10−5 grams. In
contrast, the mass of an electron is roughly 9x10−28

grams, which is roughly 23 orders of magnitude less. In-
deed, the Planck mass is about the weight of a flea. So,
if all of the energy of a flea were compressed into a sin-
gle Planck-length cube, that would be sufficient to pro-
duce a strong time-space curvature effect. Indeed, earlier
simulations showed that a mass-energy of roughly 3 in
Planck units produced by a highly energetic wave dis-
tributed over a few neighboring cells produced a stable
gravitational attractor that provides a reasonable model
for a miniature black hole. This gravitational attractor
warped space to such an extent that the wave vibration
was unable to escape, making it stable over time. Indeed,
this was initially regarded as a nice model for a particle,
until the discrepancy with the mass levels became clear.

Summary of the Model

We have now included all of the features of our
model, and can now summarize the entire thing. The
major postulates are:

• Space is composed of an infinite matrix of regular
cubic cells, with each cell having 26 nearest neigh-
bors, over which direct interactions occur. Each cell
contains multiple real-valued state variables, that
are updated according to these nearest-neighbor in-
teractions. Time is also discretized, such that all
cells simultaneously update at a fixed rate. This cor-
responds to a three-dimensional cellular-automaton
framework. It automatically produces a fixed up-
per limit on the speed of light. One of the sim-
plest functions computable in such a system is to
take the average of the 26 neighbor’s values. The
difference between this average and the current cell
value produces a “force” term that, when integrated
into a “velocity” and then overall state value, yields
a form of the standard second-order wave equation.
All subsequent dynamics in this system are varia-
tions on this basic wave equation.

• Electromagnetic waves are conveyed through wave
equations operating on four state variables, which
represent the electric (A0) and magnetic/vector ( ~A)

potentials. The wave equation causes these poten-
tials to emanate from their sources in a continuous
fashion, with a 1/r dropoff as a function of dis-
tance r, producing the familiar 1/r2 force law. Rip-
ples in these fields correspond to photons, which
are produced by discrete events that result in lo-
calized wave packets, which propagate through the
very same wave equations. Thus, both particle-like
photons and continuous force fields are supported
simultaneously in the same system. There is no
need to invoke concepts such as virtual photons to
account for the propagation of forces, as in the stan-
dard model.

• Electrons are wave packets of conserved charge,
which propagate according to the second-order
Dirac equation, which is an elaboration of the ba-
sic Klein-Gordon relativistic quantum wave equa-
tion. Two state variables are required to produce
a conserved charge value without spin, and four
are required to produce a charged particle with
spin 1

2 . This is the electron, or its antiparticle the
positron (which simply has a different configura-
tion of state values, that produces a negative charge
value). There is no mechanism that corresponds to
a discrete localized particle — the electron exists
purely as a wave of charge. However, environmen-
tal forces typically conspire to force the charge into
more localized shapes (elaborated in later point).

The electron wave function (like the simpler Klein-
Gordon equation) captures most of the fundamental
properties of known physics, including special rel-
ativity, quantum physics (it is a relativistic version
of Schrödinger’s equation), and classical Newtonian
mechanics.

• Gravitation is also propagated by waves, but it acts
by changing the effective distances between points
in the underlying cellular matrix, and the effective
mass of the wave dynamics. These effects produce
the space warping and time dilation effects associ-
ated with general relativity. There is no obvious
problem or conflict with this integration of gravi-
tation and the rest of the system, as there is in the
standard model.

• Most of the particle-like or quantization effects of
quantum mechanics derive from the emergent prop-
erties of interacting wave systems. The best exam-
ple is the attractor dynamics of electrons in an atom,
which are also emphasized in standard quantum the-
ory. Our model of an atom has a wave of electron
charge spread out around a more compacted wave of
quark charge in the nucleus, with the two interact-
ing via the electromagnetic field. The electron wave
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must have a radius that produces an even multiple of
its fundamental wavelength, producing a standing
wave. This standing wave represents a strong attrac-
tor state of the system, and a strong jolt of energy is
required to knock it out of such a state, into a higher
energy level. Sub-threshold impacts are simply ra-
diated back out. This strong attractor behavior can
be seen as the root cause of much of the particle-like
effects associated with quantum physics, as elabo-
rated below.

Update Equations, Abstract & Continuous

The abstract form of the update equations for the
model, using four-vector notation and continuous deriva-
tive operator notation, is as follows.

The electromagnetic field equations on the four-
potential (equation 67):

Aµ = (A0, ~A) = (A0, Ax, Ay, Az)

as driven by the four-charge/current:

Jµ = (ρ, ~J) = (ρ, Jx, Jy, Jz)

are (equation 68):

∂µ∂
µAµ = kµJµ

where the constants kµ are:

kµ =

(

1

ε0
, µ0, µ0, µ0

)

The observable electric and magnetic vector force fields
can be computed from the potentials as (equation 63):

~E = −~∇A0 −
∂ ~A

∂t

and (equation 60):

~B = ~∇× ~A

The second-order Dirac equation for the elec-
tron/positron (equation 171) is:
[

(

ih̄∂µ − e

c
Aµ

)2

+
e

c
~σ ·
(

~B + i ~E
)

]

ψ = m2
0c

2ψ

where the state variable ψ contains four independent
real-valued state variables, organized as two complex
numbers (equation 168):

ψ =

(

ϕ1a + iϕ1b

ϕ2a + iϕ2b

)

This equation produces a conserved charge density
(equation 160):

ρ =
ih̄e

2m0c2

(

ψ∗ ∂ψ
∂t

− ψ
∂ψ∗

∂t

)

− e2

m0c2
A0ψψ

∗

and a current density (equation 161):

~J ≡ − ih̄e

2m0

(

ψ∗~∇ψ − ψ~∇ψ∗
)

− e2

m0c
~Aψψ∗

These two values (ρ, ~J) then serve as the sources for
the electromagnetic field, as shown above. The electro-
magnetic field in turn couples with the electron/positron
charge wave in terms of the potentials and vector fields
computed therefrom.

For the gravitational field equations, see the previous
section.

Update Equations, Raw & Discrete

The corresponding raw form of the update equations
for updating in discrete space and time, are as follows.

First, the discrete laplacian that is the key computa-
tion of the wave function is computed as (equation 26):

∇2si ≈
3

13

∑

j∈N26

kj(sj − si)

for state variable si with neighbors sj in the full set of
all 26 neighbors N26, and distance normalization factors
kj :

kj =
1

d2

faces: kj = 1

edges: kj =
1

2

corners: kj =
1

3

The discrete gradient operator ~∇ is computed as
(equation 147):

~∇si ≈
1

(2 + 8√
2

+ 8√
3
)

∑

j∈N9

kj(ϕj+ − ϕj−)

Where the neighborhood N9 contains pairs of points j+
and j− that are opposite ends of the 9 rays through the
central point, and the distance weighting factors kj are:

faces: kj = ±1

edges: kj = ± 1√
2

corners: kj = ± 1√
3
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For the electromagnetic field updates, the electric po-
tential componentA0 is updated using the standard wave
equations, plus the driving force from charge density ρ:

Ät+1
0 = ∇2A0

t
i +

1

ε0
ρ

Ȧt+1
0 = Ȧt

0 + Ät+1
0

At+1
0 = At

0 + Ȧt+1
0

and for the other components, exemplified by the x case
here, we use:

Ät+1
x = ∇2Ax

t
i + µ0Jx

Ȧt+1
x = Ȧt

x + Ät+1
x

At+1
x = At

x + Ȧt+1
x

The update equations for the four components of the
second-order Dirac equation are (equations 180 – 183):

ϕ̈1a = ∇2ϕ1a −m2
0ϕ1a +

2e
(

A0 ˙ϕ1b + ~A · ~∇ϕ1b

)

+

e2ϕ1a

(

A2
0 − ~A2

)

+

e (ϕ1aBz − ϕ1bEz+

ϕ2a(Bx + Ey) − ϕ2b(Ex −By))

ϕ̈1b = ∇2ϕ1b −m2
0ϕ1b −

2e
(

A0 ˙ϕ1a + ~A · ~∇ϕ1a

)

+

e2ϕ1b

(

A2
0 − ~A2

)

+

e (ϕ1bBz + ϕ1aEz+

ϕ2b(Bx + Ey) + ϕ2a(Ex −By))

ϕ̈2a = ∇2ϕ2a −m2
0ϕ2a +

2e
(

A0 ˙ϕ2b + ~A · ~∇ϕ2b

)

+

e2ϕ2a

(

A2
0 − ~A2

)

+

e (−ϕ2aBz + ϕ2bEz+

ϕ1a(Bx − Ey) − ϕ1b(Ex +By)

ϕ̈2b = ∇2ϕ2b −m2
0ϕ2b −

2eϕ2a

(

A0 ˙ϕ2a + ~A · ~∇ϕ2a

)

+

e2ϕ2b

(

A2
0 − ~A2

)

+

e (−ϕ2bBz − ϕ2aEz+

ϕ1b(Bx − Ey) + ϕ1a(Ex +By))

The charge and current equations are (equation 184):

ρ =
h̄e

m0c2
((ϕ1b ˙ϕ1a − ϕ1a ˙ϕ1b)+

(ϕ2b ˙ϕ2a − ϕ2a ˙ϕ2b)) −
e2

m0c2
A0(ϕ1a

2 + ϕ1b
2 + ϕ2a

2 + ϕ2b
2)

and (equation 185):

~J =
h̄e

m0c2

(

(ϕ1a
~∇ϕ1b − ϕ1b

~∇ϕ1a)+

(ϕ2a
~∇ϕ2b − ϕ2b

~∇ϕ2a)
)

−
e2

m0c2
~A(ϕ1a

2 + ϕ1b
2 + ϕ2a

2 + ϕ2b
2)

So after all that, the entire set of explicit, raw equa-
tions for our model can be stated in about a page!

Demonstrations of Some Key Phenomena

The above equations alone are incomplete, however,
because there are a number of important issues about
how the state of these wave functions is initialized, and
how it actually evolves over time. These are the focus of
this section, where we actually put the equations to work
in simulating some key physical phenomena.

A Simulated Hydrogen Atom

An important feature of the CA framework is that
any physical phenomenon of interest can be simulated di-
rectly, just by establishing appropriate initial conditions
and then observing the evolution of the wave functions
over time. There is no need to establish different an-
alytical frameworks for different problems. The disad-
vantage is that precise quantitative results can only be
obtained through lengthy numerical simulations, and es-
tablishing a general pattern of behavior requires multi-
ple simulations under varying conditions. Thus, simula-
tion and analytical approaches are complimentary, and
mutually informative. Unfortunately, the self-coupled
system in question here is very difficult to analyze, and
many simplifying assumptions must be made in the exist-
ing neoclassical analytical approaches (Jaynes & Cum-
mings, 1963; Crisp & Jaynes, 1969; Barut & Van Huele,
1985; Barut & Dowling, 1990; Crisp, 1996; Finster et al.,
1999a; Radford, 2003; Masiello et al., 2005). We fo-
cus on numerical simulations of the full system here, to
demonstrate the qualitative behavior of the system.

Figure 19 shows the wave state configuration and
dynamics of simulated hydrogen atom model. The CA
“universe” consisted of 198x200x200 cells, with c =
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a) t=1 b) t=7

c) t=14 d) t=21

Figure 19: Four time steps from a simulation of a hydrogen atom, produced by placing an electron charge wave around a fixed
positive central charge distribution representing the nucleus. For each image, the top-left panel shows the ϕ1a dirac charge wave
field, the top-right is ϕ2a, bottom-left is the charge density ρ (as generated by the dirac waves only), and bottom-right is the
scalar electromagnetic potential A0. For each, one slice through a 2003 sized universe (with edges wrapping around) is plot-
ted, with values coded by height and color (red = positive, blue = negative, zero = transparent grey). The dirac field variables
rotate (ϕ1a, ϕ1b) and oscillate (ϕ2a, ϕ2b) around the central positive charge distribution. The resulting charge ρ is centrally dis-
tributed. This pattern remains stable indefinitely, although some of the dirac wave value leaks out over time (but average net
charge remains stable, while oscillating over shorter time periods). Movies, and the full simulation software, are available at
http://psych.colorado.edu/˜oreilly/realt.html.

.5,m0 = e = h̄ = 1. The Dirac field variables wrapped
around on the upper and lower bounds, so that there were
no edges. The electromagnetic field variables used Som-
merfield boundary conditions, without driving sources,
at the edges:

Ȧ0
t+1

i = c2∇2
26A0

t
i (194)

(i.e., the first derivative is set to the usual second deriva-
tive value, producing the damping effect described ear-
lier for the simplest neighborhood averaging CA model).
This simulates the dissipation of the EM field through
space. In addition, a critical decay term is used when

integrating the potential values:

A0
t+1
i = (1 − γ)A0

t
i + Ȧ0

t+1

i (195)

where γ = .02 was empirically derived to more accu-
rately simulate a the 1/r dissipation of the EM field that
would occur in an infinite CA space. Without this decay,
there is a steady increase in the overall EM potential over
time.

In reality, m0 for an electron is roughly 4.18x10−23

in the natural Planck units of the system, and the diame-
ter of a hydrogen atom is 6.19x1024 cells wide. Thus, to
fit within the limits of the computational resources avail-
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Figure 20: Aggregate behavior of the system over time in the hydrogen atom model. a) Total charge in the Dirac electron waves.
Although it oscillates, the overall quantity remains roughly constant over time. If the electromagnetic potential is held constant
over time, the charge still oscillates, but the long term average is strictly fixed; In the coupled case, precise damping at the edges
is required to dissipate the electromagnetic field to maintain constant potential and charge. b) Proportion absolute maximum
difference (error) between the Lorenz condition ( ∂A0

∂t
= −c2~∇ · ~A) and the actual state of the electromagnetic field.

able to the author, the simulated hydrogen atom had to be
scaled down by a factor of roughly 1/1023, and the rest
mass was scaled up to compensate. This scaling intro-
duces significant differences in behavior relative to what
would be expected for the real system, because the wave-
lengths of the system are only a small multiple of the un-
derlying cell size. One consequence of this is that the
laplacian calculation, which propagates waves across all
26 of a cell’s neighbors, will result in a “bleeding” effect
for structures that have significant curvature in multiple
dimensions at the grid scale. When the waves span over
as many cells as those in the realistically-sized system,
the laplacian approximation is essentially perfect, and no
such bleeding effects would be evident. Thus, this ex-
tremely scaled-down model is likely to be somewhat in-
accurate, but it nevertheless demonstrates some interest-
ing behavior. Present-day supercomputers could be used
to evaluate the scaling behavior across a couple of orders
of magnitude, to produce more accurate results.

The “nucleus” of this simulated atom was con-
structed by placing a fixed spherical Gaussian-distributed
blob of positive charge in the middle of the system.
It is assumed that the strong force keeps this charge
distribution relatively localized and stable over time.
The four Dirac electron charge field variables were
initialized in a pattern based on the state that emerged
after a moving electron wave packet with negative
charge was captured by this positive nucleus charge.
The Dirac charge waves rotate and oscillate around
the central nucleus, as shown in Figure 19. See the
Appendix for detailed parameters. Although some of the

charge waves do escape from the initial configuration,
the system remains stable up through at least 40,000
time steps (which took nearly a week of computer time
to simulate), in the sense that the same configuration
of rotation and oscillation persists. This shows that the
system does not exhibit the collapse associated with the
classical atomic model. Furthermore, other experiments
reveal that the wave dynamics clearly settle into states
with integral wavelengths around the circumference
of the nucleus, as predicted by quantum mechanics.
Movies, and the full simulation software, are available at
http://psych.colorado.edu/˜oreilly/realt.html.

Figure 20a shows that the overall charge value of the
system is conserved over a longer time frame, but it ex-
hibits a strong oscillatory pattern. Figure 20b shows that
the difference between the Lorenz condition and the ac-
tual state of the system (the Lorenz error) decreases over
time. In both cases, the magnitude of the charge oscilla-
tions and the Lorenz error are a function of the frequency
of the underlying waves in the system. When a higher
frequency atomic configuration was simulated (i.e., a nu-
cleus with a smaller Gaussian width), the Lorenz error
was higher, and the charge oscillations were larger in
magnitude and higher in frequency. Thus, these effects
should be negligible in the system at realistic scales (i.e.,
roughly 1023 times larger).

With respect to the conservation of charge, the fol-
lowing observations can be made. First, if there is no
electromagnetic potential at all (or a spatially uniform
one), charge is strictly conserved by the Dirac equations
at every time step. With a fixed electromagnetic poten-
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tial that changes over space, charge oscillates as in Fig-
ure 20a, but the long time average is strictly conserved.
The computed amount of charge depends on where the
bulk of the Dirac waves are relative to the spatially-
varying potential values, so as Dirac waves move around,
the total charge varies, but ultimately the Dirac wave val-
ues themselves are fully conserved, so nothing is ever re-
ally lost or gained. When the electromagnetic potential is
dynamically updated according to Maxwell’s equations,
it is possible for the overall potential to change over time,
resulting in an apparent change in overall charge value
over time. Thus, it is important to use the Sommerfield
edge equations with the extra damping term to simulate
the 1/r dissipation of the field through space, to maintain
a constant overall charge value.

Reconciling with the Standard Model

Our model has a number of appealing characteristics,
but as we have repeatedly emphasized, this aesthetic fac-
tor doesn’t mean anything unless the model can stand up
to the facts. Although we have shown that our model is
consistent with a large swath of basic physics, there are
several aspects of the standard model of physics that it
might appear to be in disagreement with. To the extent
that these aspects of the standard model have been vali-
dated by stringent empirical tests, this represents a prob-
lem for our model. The issues are addressed in order of
easiest to most difficult:

• Virtual particles: virtually unnecessary? As noted
earlier, the standard model makes heavy use of vir-
tual particles. However, it has been shown that the
effects of these virtual particles can be attributed to
the self-coupling of a Dirac wave with Maxwell’s
equations, which our model includes, but the stan-
dard model does not. Therefore, this is not a signif-
icant problem for our model, and, indeed getting rid
of such particles is a major advantage for integrating
with gravitation, as we discussed above.

• Particles: do we need them at all? One of the thorni-
est problems in quantum physics is the apparent du-
ality between particles and waves. Our model only
has waves. What, if anything, is wrong with this
picture? It seems that we can account for all the rel-
evant phenomena in terms of emergent interactions
between the wave fields, and in particular the stable
attractor states that form as atoms.

• Probabilities: fundamental or emergent? This is an-
other case that might be more apparent than real:
can we reconcile the notorious probabilistic nature
of quantum physics with an underlying determinis-
tic system, as our model is? Again, we argue that

the apparently probabilistic nature of the physics is
an emergent property of a system based fundamen-
tally on waves.

• Nonlocality: worth the cost? In addition to being
fundamentally probabilistic, quantum physics ap-
pears to be fundamentally nonlocal. The classic
example is the Einstein-Podolsky-Rosen (EPR) ex-
periment, and Bell’s theorem tests thereof, which
appear to support nonlocality. However, does this
paradigm really encompass a fully distributed wave-
particle that is capable of exhibiting superposi-
tion and various other unintuitive states? Perhaps
not. Certainly, the case does not seem sufficiently
solid to toss out all of the other advantages of our
local, deterministic, but fundamentally distributed
and wavey model.

Virtual Particles

The standard model of electrodynamics, known as
QED (quantum electrodynamics), which was developed
by Richard Feynman, Sin-Itiro Tomonaga, and Julian
Schwinger in the 1950’s, starts with a wave field very
much in our model, but then proceeds to turn it into par-
ticles. These particles are the “quanta” of the field, and
the process is generally known as the “second quantiza-
tion” of quantum physics. Mathematically, these quanta
correspond to various modes of vibration within the field.
If you know about Fourier analysis, where a complex vi-
bration is decomposed into the sum of a bunch of sine or
cosine waves, this is essentially what quantization of a
field boils down to, where each component in the sum is
considered to be a separate particle. This is also known
as a Fock space, after Vladimir Fock. The description of
physics in this model then amounts to tracking the mo-
tion, creation, and annihilation of these modes of vibra-
tion (“particles”). In QED, this is done using the math-
ematics of a path integral, which is a way of taking ac-
count of all possible ways that a given “particle” could
have moved from one place to another, including the pos-
sibility that it could have interacted with virtual particles
along the way. Indeed, the entire electromagnetic inter-
action is construed as the exchange of virtual photons,
which in turn can encounter other virtual particles on
their way. Thus, these virtual particles produce a mea-
surable effect on the way that forces and other factors
are calculated in QED, in a way that matches physical
experiments to a very high degree of precision.

One of the peculiar features of this framework is that
it depends on computing infinite sums over all possible
ways something could have happened. Not surprisingly,
these infinite sums end up producing infinite results, and
so a “renormalization” procedure is needed to keep them
finite. It is very clear that this is an example of an analyt-
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ical theory that does a good job of describing nature, but
is completely implausible as an autonomous mechanistic
model of how physics actually unfolds over time. Na-
ture does not compute infinite, divergent sums over the
universe!

Fortunately for our model, there is some promise that
these extra effects produced by all these virtual parti-
cles are really describing the self-coupling of the elec-
tromagnetic field and the Dirac charge field, as cap-
tured in neoclassical formulations of quantum electro-
dynamics (Jaynes & Cummings, 1963; Crisp & Jaynes,
1969; Barut & Van Huele, 1985; Barut & Dowling,
1990; Crisp, 1996; Finster et al., 1999a; Radford, 2003;
Masiello et al., 2005). This alternative neoclassical ap-
proach is basically an analytical version of our model,
where the coupled Maxwell and Schrödinger or Dirac
equations are analyzed. Much of this work seems to have
been done using first-order formulations, and with the
Schrödinger equation instead of Dirac, perhaps because
the analytical mathematics is very difficult. When the
equations are coupled, all manner of complex nonlinear-
ities arise (as you can readily observe in our simulations),
which make them very difficult to analyze. Nevertheless,
existing results suggest that all the complex path inte-
grals and virtual particles of QED may be capturing the
complex nonlinearities of the self-coupled electromag-
netic and charge fields.

Particle vs. Wave in Quantum Physics

After much putting off, we have now reached the
point of reckoning with one of the most puzzling as-
pects of modern physics: the particle versus wave na-
ture of quantum physics. The standard model of physics
at this point has developed into a very strongly particle-
based framework, to the point where even the force fields
(e.g., electromagnetism and gravity) are thought to be
supported by the constant exchange of virtual force par-
ticles. The above arguments suggest that perhaps we can
dispense with these virtual force particles in favor of con-
tinuous wave fields, but can we dispense with particles
entirely?

In our model, based on the “mechanistic” considera-
tions of a universe with discretized space and time, we
have developed a very strong preference for the wave
model over the particle. Particles just don’t work well
in discretized space and time. So, we are in the posi-
tion of having to argue that all the rest of the particle-
like phenomena can be waved away. Fortunately, most
of the really weird stuff that happens in quantum physics
is explicable in terms of the wave-like nature of things
(e.g., quantum tunneling, self-interference in double-slit
experiments, etc). When you look carefully, the particle
stuff is not so bad.

So what evidence to we have that matter is composed
of particles? Here is a detailed accounting of the major
arguments:

Photoelectric Effect
The description and proper account of the photo-

electric effect was actually the basis of Einstein’s Nobel
prize, even though he is more popularly known for his
relativity theories. The key finding is that the ability to
displace electrons from a metal depends not on the in-
tensity of a light beam, but rather on the energy of the in-
dividual packets of light (photons) that are hypothesized
to exist within the light beam. Indeed, a single photon
with enough energy can knock out an electron, whereas
a continuous high-intensity beam of light of a low energy
cannot. Thus, photons appear to carry a quantized energy
level, which is proportional to their frequency, not to the
overall intensity of the beam of light. We already dis-
cussed this earlier, in terms of the relationship between
momentum, energy, and frequency:

E ∝ p ∝ f (196)

How do we know that this requires some kind of
particle-like behavior? We need to see what the cor-
responding purely wave-based description of the phe-
nomenon would be, and show that it doesn’t work. The
wave-based account assumes that light is instead com-
posed of a continuous oscillation, and the intensity cor-
responds to greater amplitude of oscillation. In this case,
the energy is proportional to the amplitude (and the fre-
quency), and the higher the intensity, the more energy,
and the more electrons should be knocked out.

But wait a second. Is it possible for nature to pro-
duce such a continuous wave of light? How are these
photons being generated in the first place? Photons are
created in a variety of ways, including: an electron can
lose energy in its orbit and emit a photon; matter and an-
timatter can collide (e.g., an electron and a positron) and
produce two photons; nuclei can fuse together (as in the
sun) to produce photons and other particles; or nuclei can
split apart (fission) to produce photons and other parti-
cles. Interestingly, all of these are discrete events involv-
ing discrete energy transitions on the part of the emitting
system, which determines the energy of the emitted pho-
tons.

So, perhaps the particle nature of photons has much
more to do with the nature of the systems that emit these
photons, rather than the intrinsic nature of electromag-
netic radiation itself? In other words, one can conclude
that photons are only created as relatively discrete wave
packets in the first place, and therefore they appear like
particles.

Here’s an analogy: if you only ever pluck a strongly-
damped guitar (or pluck keys on a piano without holding
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down the sustain pedal), you might be tempted to con-
clude that sound only comes in particle-like bursts, even
though it actually is a wave system. This of course would
be incorrect, as you would discover by holding down the
sustain pedal, or undamping your guitar. But nature does
not seem to provide any alternative mechanism for creat-
ing photons except through discrete processes, which are
the equivalent of a plucking a strongly damped string.
Therefore, if we want to figure out why photons are kind
of particle-like, we need to investigate why the systems
that emit photons behave in such a discrete manner.

This is most well understood in terms of electrons in
orbit around the nucleus (as summarized earlier). The
allowed orbits come in very discrete sizes, with corre-
spondingly discrete energy levels. This is in fact due to
the wave nature of electrons, such that when they are
trapped in a fixed container, they naturally settle into
“standing waves” that are an even multiple of their natu-
ral wavelength. When an electron moves from a higher
wavelength to a lower one, it loses energy (i.e., decreases
the frequency of its wave function), and emits the differ-
ential in the form of a photon wave packet. This is a very
discrete event because the electron quickly settles into a
new stable standing wave oscillation around the nucleus.

Thus, in this case, the particle-like nature of pho-
tons can be directly traced back to the wave-like nature
of electrons, trapped in an energy well around the nu-
cleus of an atom. These standing waves need to be an
even multiple of their fundamental wavelength. Indeed,
the primary type of “quantization” associated with quan-
tum mechanics is this very wave-like phenomenon of the
standing waves of electrons around the atom, which has
nothing to do with there being discrete particles. The
somewhat slippery transition into the “second quantiza-
tion” associated with quantum field theory (as described
above) introduced the idea that particles are quanta of a
wave field (see Cao, 1997 for a more detailed account of
the murky conceptual transition that occurred there).

To generalize the results from this discussion, we
claim that all discrete, particle-like effects in quantum
physics come from emergent attractor states in interact-
ing wave system, not from some intrinsic “particleness”
on the part of the underlying system itself.

This same principle works equally well in reverse,
wherein the absorption of a photon can move an elec-
tron into a higher (more energetic) orbit around the nu-
cleus. This also has to be a discrete process, for the very
same reasons that the emission is discrete. In particular,
enough energy has to be conveyed to the electron in a
short enough time to escape out of the current attractor
state and move to a higher energy level. The classical
notion that the electron can slowly absorb a continuous
beam of light simply won’t work: if the energy level of

the incident radiation over some short time integral is too
small, it will just bounce off the electron wave and noth-
ing happens. No incremental energy gets transferred be-
cause any additional energy short of the amount neces-
sary to get to the next level will be quickly radiated back
out as the electron settles back into the stable standing
wave state. Given that emission processes are naturally
discrete, increasing the intensity of a beam has a negli-
gible chance of causing two sub-threshold photon wave
packets to arrive within sufficient proximity to each other
to sum together to eject an electron.

Therefore, photons appear to behave like particles to
photodetectors because these detectors have discrete be-
havior, due to their attractor dynamics.

Blackbody Radiation
The original phenomenon that motivated Planck to

introduce the notion of the quantum in quantum mechan-
ics was that as you heat up some object, the frequencies
of light that it emits do not go up infinitely high. That
is, there is a maximum frequency associated with a given
temperature. In the above framework, increasing tem-
perature means increasing collisions among atoms that
cause electrons to be in excited energy states. When they
go back to lower states, they emit photons. Because these
electron energy states are quantized, the resulting pho-
tons are quantized. Again, this need not have anything to
do with the raw mechanism of photon propagation; it is
just how they are created.

Compton Scattering
Compton scattering is often cited as the most com-

pelling demonstration of the particle nature of light. The
key phenomenon is that high-energy photons passing
through a material exhibit a redshift, or an increase in
their wavelength. The explanation is that photons lose
energy by knocking electrons out of their orbits, and any
energy left over after doing so is re-emitted as a photon of
lower energy, and, therefore, higher wavelength (lower
frequency). The purely wave-based classical theory can-
not account for this effect. However, if we assume that
the incident photons were created by a discrete process
(as we have argued is always the case), and the some
energy is clearly lost as a result of knocking the elec-
tron free, then it seems almost impossible that any dis-
crete wave packet that survives the whole interaction (or
is emitted by the fleeing electron) would not have a re-
duced wavelength from the process. Simulating this pro-
cess in the model is a top priority of ongoing research,
but it seems at least quite plausible that it will produce
the observed results.

Double Slit Experiments
The double-slit experiment, originated by Thomas

Young in 1805, is perhaps the quintessential quantum ef-
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fect, because it exhibits both wave and particle-like ef-
fects. The wave-like effects come from the interference
patterns that occur when both slits are open. However, if
you use a very-low intensity beam, there should only be
one particle going through at a time. So, somehow this
particle needs to interfere with itself. Clearly it must be
a wave. But if it is a wave, then how can there be a no-
tion of “a single particle”. Well, using the same logic as
noted above, the notion of a single particle comes from
the emission and absorption properties of the physical
apparatus, which is inevitably made from atoms, which
inevitably exhibit discrete particle-like emission and ab-
sorption properties. Thus, all we have are waves propa-
gating and interfering as waves do, but they are discrete
wave-packets and not continuous beams, due to the at-
tractor dynamics of atoms.

Perhaps the major remaining mystery associated with
such an experiment is how the wave-packet manages to
stay coherent throughout its journey. Why do we al-
ways observe that electrons, for example, always have
unitary charge? What prevents the wave from just slith-
ering away into a smear of fractional charge? One impor-
tant result from the analysis of the coupled Maxwell and
Dirac equations by Radford (2003) is that the interaction
with the electromagnetic field causes the Dirac field to
remain highly localized or particle-like. This is another
example of a kind of emergent property of our model that
produces particle-like effects. It is less clear that pho-
tons need to stay “whole” in any particular sense, but by
virtue of traveling at the speed of light, they are much
less subject to dispersion.

Summary: No Particles Required
In summary, the notion in our model that photons

consist of relatively discrete ripples in an underlying
wave field (whose underlying steady state is busy spread-
ing the electromagnetic force) seems in accord with the
relevant data, without requiring that these ripples have
any intrinsic particle-like properties. Instead, the dis-
creteness of these ripples comes from the way that they
are generated, which is largely from electrons changing
energy levels. This energy level transition requires a suf-
ficiently strong impulse within a sufficiently short period
of time to break out of the current standing-wave attrac-
tor, and into the next. As such, it is an emergent property
of the wave system, and does not require any particle-
ular explanation.

The Probabilistic Interpretation of Quantum
Physics

The present model is purely deterministic: waves
propagate according to deterministic equations operating
on specific state values that unfold predictably over time.

How does this square with the standard probabilistic in-
terpretation of quantum physics?

At the most general level, it is essential to appreci-
ate the squishy, gooey nature of waves. The moment you
start to push on them in any way, they start oozing all
over the place. Furthermore, at the quantum level, the
only way to push on a wave is with another wave, and
this leads to a multiplication of the ooze factor. Thus, it
is perhaps not too surprising that it can be very difficult
to measure these things accurately, and therefore to pre-
dict what is going to happen next. Furthermore, once you
try to measure a wave, it is clear that you fundamentally
disturb its further progression. Therefore, the fundamen-
tal source of randomness in quantum physics, according
to our model, is a combination of the basic difficulty of
measuring waves, and the fact that the only measuring
device you have available has also not been carefully
measured to begin with, so you are always imposing a
strong dose of uncertainty into the system with every
measurement. This directly accounts for the Heisenberg
uncertainty principle.

The complementarity in these uncertainties in quan-
tum physics falls directly out of the wave equation, as ex-
plained in most introductory quantum physics textbooks.
For example, both position and momentum cannot be
measured with high precision; either one or the other can,
but not both. If you know the position of a particle with a
high degree of certainty, that means that its wave packet
must be highly compressed in space (Figure 9). Such a
compressed wave packet does not have an easily mea-
surable frequency, making it very difficult to determine
what its momentum (velocity) is (recall that momentum
is proportional to frequency). In contrast, a highly reg-
ular wave with many consistent oscillations provides a
good indication of frequency (momentum), but is neces-
sarily stretched out in space and thus is not very localiz-
able.

In the standard interpretation of quantum physics, it
is said that particles travel as waves, but arrive as parti-
cles. This means that the crux of the probabilistic issue
has to do with the measurement process (when the par-
ticles “arrive”), and not with their propagation as waves.
This measurement process is said to cause the wave func-
tion to collapse into a definite state. In the context of the
above discussion about the particle issue, it is clear that
measurement always involves some kind of interaction
with an atomic system, which exhibits strong attractor
dynamics. Thus, this wave function collapse actually fits
pretty well with the notion of a wave being captured and
collapsing into a strong atomic attractor state.
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The Decoherence Interpretation

There is a relatively new way of interpreting quan-
tum physics that goes by the name of decoherence or
environment-induced selection or einselection (Zurek,
2003a, 2003b; Schlosshauer, 2004), that has much in
common with the overall interpretation of our model as
developed above. The critical problem addressed by this
line of thought is what exactly drives the transition from
quantum waves to observable concrete measurements
(i.e., the measurement problem of quantum physics). In
the standard “Copenhagen” interpretation, the wave col-
lapse is a kind of mystical event that occurs outside of
the normal wave propagation dynamics as specified by
the Schrödinger equation. In decoherence, the idea is
that this wave collapse is associated with the complex
interactions between the wave functions of the observer
and the observed. In particular, the observer is typically
such a complex system that it causes any pure quantum
states in an observed system (e.g., a free photon or elec-
tron) to become very decoherent as they interact with the
observer, and this is what we observe as wave function
collapse.

Furthermore, one can ask why some specific types of
states are typically the results of wave function collapse,
and others are not. The einselection principle states that
some states are just a lot more stable, and are thus likely
to persist and be measurable, whereas other states are
unstable and fleeting and unlikely to be measured. This
corresponds to the attractor state idea in the atom, as dis-
cussed above: the discrete energy states of electrons in
an atom produces a strong bias toward detecting discrete
particle-like phenomena, as opposed to the more continu-
ous wavey states that we think underlie quantum physics.
These wavey states are not stable and robust, and thus
cannot be measured. The discrete particle-like states are
robust, and are thus what is measured.

The bottom line is that this line of work provides
a strong basis for thinking that everything in quantum
physics can be understood within the context of a purely
wave based system, but that emergent attractor-like phe-
nomena (and other interactions with the environment
and observer) produce the apparent particle-like mea-
surement processes that have been associated with wave-
function collapse. All you need is waves! And, all we
have are waves!

Nonlocality and EPR/Bell’s Theorem

Perhaps the most significant challenge to our local,
deterministic framework is the line of reasoning and ex-
periment that seems to indicate that quantum physics is
nonlocal (and nondeterministic). The original thought
experiment was devised by Einstein et al. (1935), and

goes by their initials (EPR). Imagine that a pair of pho-
tons is created through a matter-antimatter annihilation.
These two photons speed off in opposite directions at the
speed of light, and are measured at some later point by
two different measuring devices. According to quantum
physics, these two photons should have exactly opposite
properties, such as spin or polarization, so as to conserve
the total amount of such stuff. Such particles are said to
be entangled.

Because of the fundamental uncertainty of the un-
derlying quantum waves for these photons, exactly what
state a photon is in is not really clear until you measure
it. But that means, however you do measure it, the other
guy must measure the opposite result. So, somehow, the
act of measurement, which influences the one photon,
must also influence the other guy too. EPR argued that
this was a crazy prediction, and that such an experiment
would prove that the two measurement results were inde-
pendent, driven by local, hidden variables carried by the
two photons.

John Bell developed a more rigorous framework for
analyzing the results of such an experiment, clearly
showing the difference between a local, deterministic
model and the correlations predicted by the quantum
model (Bell, 1966, 1987). Subsequent experimental tests
appear to be consistent with quantum physics (Aspect,
1999). Despite this apparent confirmation of the non-
locality of quantum physics, there are several important
points to consider before making such a weighty rejec-
tion of all of common sense (and our nice model).

First, Bell’s analysis (which takes the form of an in-
equality condition, and is thus often referred to as Bell’s
inequality) depends critically on perhaps overly strong
localist assumptions; (Hess & Philipp, 2001b, 2001a;
Gill, Weihs, Zeilinger, & Zukowski, 2002)). Thus, it
seems at least possible that the observed correlations
are communicated throughout the distributed wave field
over the duration of the entangled particle’s trajectories.
Given that this system exhibits chaotic behavior, it would
be highly sensitive to small changes in the wave field as-
sociated with the entangled particle’s mutual interaction.
Furthermore, entanglement always results from a super-
position of states, and the wave field similarly supports
superpositions of traveling waves — such superpositions
are difficult to reason about intuitively (e.g., Figure 4),
and thus it would be prudent to reserve judgment about
the entanglement behavior of this system until appropri-
ate simulations (or accurate analyses) can be conducted.

In short, given a fully wave-based model such as
ours, it really is the case that the outcome of a measure-
ment is not determined in advance, and instead repre-
sents a complex interaction between the emerging wave
functions of the source and the observer. These wave
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functions are distributed over space and time, and repre-
sent superpositions of different measurement states. This
does not sound like the kind of deterministic local model
envisioned by Bell’s inequalities. Instead, it sounds just
like quantum mechanics, because that is what it really
is! However, nobody has a good explanation for exactly
how quantum mechanics achieves this EPR nonlocality
either. Therefore, it seems like one would need to run
our model on an appropriate experimental setup and see
exactly what happens, before making a quick and easy
dismissal on the basis of current evidence.

Comparison to Other Approaches

Our overall model has much in common with many
existing approaches in the literature. Indeed, as noted
at the outset, one can regard it as simply an amalga-
mation of continuous cellular automaton theory (e.g.,
Bialynicki-Birula, 1994; Meyer, 1996; Zuse, 1970; Fred-
kin & Toffoli, 1982; Wolfram, 1983, 1984b, 1984a, 2002;
Fredkin, 1990), neoclassical electrodynamics (Jaynes &
Cummings, 1963; Crisp & Jaynes, 1969; Barut &
Van Huele, 1985; Barut & Dowling, 1990; Crisp, 1996;
Finster et al., 1999a; Radford, 2003; Masiello et al.,
2005), and the overall decoherence interpretation of
quantum physics (Zurek, 2003a, 2003b; Schlosshauer,
2004).

There are some key differences from these existing
approaches. For example, Bialynicki-Birula (1994) and
Meyer (1996) both developed first-order update equa-
tions for simulating a quantum wave function. The
Meyer model was strictly one dimensional, while the
Bialynicki-Birula model operated in three dimensions,
but using only 8 neighbors in a body-centered cubic ma-
trix. By virtue of this small neighborhood and the use of
first-order update equations, this model exhibited strong
spatial anisotropy, and Bialynicki-Birula abandoned it
soon thereafter for this reason (Bialynicki-Birula, per-
sonal communication, 2004). Meyer also cites this spa-
tial anisotropy problem as a fatal flaw of the approach
(Meyer, personal communication, 2004). In contrast, the
present model uses all 26 neighbors and a second-order
update equation, and as shown in O’Reilly and Beck (un-
published manuscript), this avoids the spatial anisotropy
problem.

The neoclassical electrodynamics researchers differ
from the present approach in pursuing the standard ana-
lytic approach of physics. Thus, they try to simplify and
analyze special cases of the coupled electromagnetic and
particle wave equations. This work is extremely valuable
and beyond the present author’s capabilities, but it also
does not directly address the underlying mechanisms that
might drive reality. As we saw with the broken symmetry

of the charge wave equation, these mechanistic consider-
ations can potentially provide some important insights.

The present approach may also have some similari-
ties with modern String theory, in that String theory also
seems to provide a more mechanistic level description of
fundamental physics in terms of these oscillating strings.
However, String theory also requires some very strange
assumptions, such as curled up extra dimensions. Fur-
thermore, it is underconstrained in its ability to gener-
ate specific numerical predictions, and generally seems
to be mathematically quite complicated. In contrast, the
present model seems much simpler and more intuitively
appealing.

Moving outside of physics, this modeling approach
has strong parallels in modern attempts to understand
how the brain works to produce cognition. In this case,
the standard model of physics can be compared with the
traditional symbolic approach to cognition, where peo-
ple are thought to perform logical operations on dis-
crete symbolic representations. In both cases, the central
workhorse of the framework (particles and symbols) are
hard, discrete, reified entities that people in general seem
to have a preference to think in terms of.

In contrast, the present model is much more like
the neural network modeling, parallel distributed pro-
cessing approach to cognition (e.g., O’Reilly & Mu-
nakata, 2000). In this approach, cognition emerges out
of the parallel distributed interactions between neurons.
There are no “hard” symbols in the brain, just billions of
squishy neurons. Nevertheless, due to emergent attrac-
tor dynamics and other similar phenomena, we have the
impression of having discrete thoughts and experiences.
Similarly, in the current physics model, particles emerge
through attractor dynamics operating over distributed, in-
teracting wave fields.

Extensions of the Model: Weak & Strong
Forces & Particles

In addition to dealing more conclusively with the
above issues, the model is also clearly missing some im-
portant aspects of known physics. The primary missing
ingredients in the model are the weak and strong forces,
and their associated particles, which complete the cur-
rent standard model. As we noted earlier, there is some
indication that the breaking of symmetry required for nu-
merically stable calculation of the coupled complex KG
and Dirac wave equations might have something to do
with the weak force. Clearly, more work is needed to
follow up on this possibility. It is very likely that addi-
tional field state variables and associated equations will
be necessary to accommodate the strong force.
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Meanwhile, there are a number of possible emergent
properties of the existing system that may provide some
explanation of other currently missing aspects of known
physics.

Other Members of the Lepton Family

The electron and positron that we model with the
Dirac equation are but two members of a larger family
of leptons. There are two additional particles (and asso-
ciated anti-particles) that are just like the electron in all
respects, except they have a much larger rest mass (the
muon and tau). They are also unstable, decaying rapidly
back into an electron plus other particles. In addition,
there are neutrinos, which are neutral lepton-family par-
ticles (i.e., having no charge), that apparently have some
tiny amount of mass, but otherwise do not interact with
other forms of matter very much at all (they only inter-
act through the weak force). There are three types of
neutrinos associated with the charged leptons (electron,
muon, and tau), and recent data shows that they can mu-
tate or oscillate between these different families. This
is only allowed in the standard model if neutrinos have
some amount of rest mass.

So, is there some straightforward way to incorporate
all these additional particles into our model? Do we need
to create new state variables and equations for these guys,
or can we somehow see them as emergent states of our
existing system? Here are some potential arguments in
favor of the latter possibility.

First, much of the measured rest mass of the elec-
tron is associated with the self-energy associated with
the electromagnetic fields produced by the charge wave.
Therefore, the actual rest mass parameter m0 that we as-
sociate with the Dirac wave equation is actually consid-
erably smaller than the measured value. This has sev-
eral implications. First, a neutral configuration in the
charge wave state variables (recall that particular con-
figurations of the state variables that cause the charge
density ρ to be zero, even though the state variables are
non-zero) would only have this smaller rest massm0, be-
cause it would lack all the charge-driven electromagnetic
self-fields. This seems to provide a potentially appealing
model of the neutrino. Interestingly, one could imagine
that a neutrino wave configuration could tweak electron
rotations in the complex state variables, and thus appear
to interact via the weak force.

A second implication is that it is conceivable that
more complex higher-energy configurations of the elec-
tromagnetic self-coupling could exist, and these would
correspond to the muon and tau particles with their
higher rest mass. By virtue of being higher energy than
the basic electron state, they would be unstable, and
would decay naturally back to the electron state. One

possible corroborating piece of data for this suggestion
is that the muon has an anomalous magnetic field, which
would be suggestive of some kind of different electro-
magnetic self-coupling dynamics.

Thus, it would seem that we might be able to account
for the entire lepton family within our existing model.
Clearly, more work needs to be done to explore this pos-
sibility.

Considerations for Quarks

The set of fundamental particles coupled by the
strong force are called quarks. To extend our model to
quarks, we note that they have regular electromagnetic
charge, in addition to the sources of the strong force.
Therefore, quarks would be just like electrons in the
existing four-variable Dirac system, but they will also
have additional coupled variables that produce the strong
force. At this point, much additional research is needed
to begin to formulate these mechanisms.

One interesting observation is that quarks are nec-
essary because pure positronium (electrons orbiting
positrons) is unstable: there is nothing to prevent the pure
leptonic wave variables from oozing into each other all
the time, and thereby causing matter-antimatter explo-
sions. The extra quark variables provide the extra glue
(strong force) that holds them together and keeps them
apart from the leptons. Thus, an electron wave cannot
collide with a quark and produce an antimatter destruc-
tion: they just bump off each other, or something to that
effect.

In summary, the optimistic possibility for our ex-
tended model is that we have one parameter for the m0

of the Dirac four-variables, which is the very tiny rest
mass of the neutrino. The observed mass of the elec-
tron/positron is the result of additional self-energy from
the electromagnetic field: it is an emergent property of
the dynamics of the system, and this eliminates one of
the free variables from the standard model. Comput-
ing this self-energy, and seeing that it matches the data,
would be a major coup for this theory. The same holds
for the other unstable lepton particles (muon, tau). This
same m0 parameter would carry over to the quarks, who
would also have additional self-energy (and possibly an-
other m0 parameter associated with their additional vari-
able wave functions), resulting in the much heavier mass
of quarks. Thus, unlike the standard model where the
measured mass of each particle must be provided as an
external parameter, it is possible that a very small set of
externally-fixed parameters is required, with most of the
other constants (e.g., c, h̄, etc) being equal to 1. If we are
able to show that the emergent properties of the mode
accurately generate the observed rest masses of known
particles, the theory would be on very solid ground.
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Cosmology

Because space and time are primary in this system
(as compared to being “created” by matter as in general
relativity), the natural cosmology is one of infinite space
and time — as we discussed at the outset, boundary con-
ditions on either tend to beg more questions than they
answer. Instead of the big bang creating an expanding
bubble of space that is the entirety of the universe, which
is natural in the general relativity framework, one could
think of the big bang as the explosion of the mother-of-
all-black holes (MOAB) within a region of the infinite
universe. The scenario is thus one of perpetual oscil-
lation between black hole consolidation and explosion.
All black holes within some region of the universe even-
tually merge into this MOAB, until a presumed critical
point is reached where it explodes and flings energy out-
ward, allowing galaxies and black holes to form, where-
upon the process of consolidation begins anew. This dy-
namic avoids the problems of uniqueness of our point
in time and counteracts the effects of the second law of
thermodynamics; the MOAB restores order by concen-
trating everything into a small uniform blob of energy.
Perhaps the presumption of a flat underlying space can
resolve some extant cosmological puzzles, such as the
need for so much dark matter, or the problems that the
faster-than-light inflationary model solves?

In terms of testability, under this model, we should
in principle be able to see beyond the bubble of our big
bang into neighboring bubbles. However, it is not clear
how far away such bubbles are, and if any light will reach
us.

Conclusions

This exercise of developing an autonomous model
of the universe has provided some novel approaches to
understanding physics. The prospect of actually writ-
ing a computer simulation that can automatically “do
the physics” of the universe has forced many choices
that standard analytic physics does not contemplate. For
example, we had to pick a fixed “lowest common de-
nominator” reference frame, instead of exalting the ab-
stract elegance of the relativity principle. This led fairly
directly to a classical, Newtonian conception of empty
space as a fundamental assumption of the model. Inter-
estingly, the entire model ends up being very classical
in its overall characteristics: it is also deterministic and
local. The one major “radical” move was to abandon
any notion of a hard discrete particle, and instead con-
sider an entirely wave-based system. We saw that this
can be reconciled with reality by considering the impor-
tance of emergent attractor dynamics and other similar

effects (e.g., the self-energy of the coupled fields, which
can do the work of virtual particles in QED).

Perhaps the most compelling aspect of this modeling
framework is when “implementational” details lead to
potentially interesting physical consequences. For exam-
ple, we saw that to get a numerically stable charge wave,
we needed to break the symmetry of rotation among the
complex state variables. This is strongly suggestive of
the parity violation associated with the weak force. If
further research shows this model to actually capture im-
portant features of the weak force, then this provides a
very strong indication that our underlying model is cor-
rect. In short, it provides an explanation for why the
weak force is the way it is, instead of simply describing
it as an extra free parameter of the model. Similarly, the
other emergent properties of the model (e.g., the emer-
gent masses just discussed above) have the potential to
provide a more compelling explanation for the origin of
these properties, compared to simply positing them as
assumptions in the first place.

Overall, the model has a very high ratio of stuff ex-
plained to assumptions made. So many basic physi-
cal phenomena (all of special relativity, Newtonian and
quantum mechanics) come straight out of the basic wave
equation, which is one of the simplest computations that
the system can perform. Again, this reinforces the con-
viction that our model must be on the right track.

Appendix A: Derivation of the
Electromagnetic Wave Equations

Here, we actually do the algebra on the remaining
Maxwell’s equations (i, iv) to get the wave equations.

For equation (i), we get:

~∇ · ~E =
1

ε0
ρ

~∇ ·
(

~∇A0 +
∂ ~A

∂t

)

= − 1

ε0
ρ

∇2A0 + ~∇ · ∂
~A

∂t
= − 1

ε0
ρ (197)
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and for equation (iv), we get:

~∇× ~B = µ0
~J + µ0ε0

∂ ~E

∂t

~∇×

“

~∇× ~A
”

= µ0
~J + µ0ε0

∂

∂t

 

−~∇A0 −
∂ ~A

∂t

!

 

∇
2 ~A −

1

c2

∂2 ~A

∂t2

!

− ~∇

„

~∇ · ~A +
1

c2

∂A0

∂t

«

= −µ0
~J

2 ~A − ~∇

„

~∇ · ~A +
1

c2

∂A0

∂t

«

= −µ0
~J

(198)

So, perhaps you can see that now we are getting
somewhat closer to a wave equation. We now have
the ∇2 terms showing up in both equations, and in the
latter we have a ∂2

∂t2
term, such that we get the clas-

sic wave equation signature, as indicated by the last
line where we substituted in the d’Alembertian opera-
tor 2 = ∂2

∂t2
− ∇2, which encapsulates the wave equa-

tion dynamics of second-order time minus second-order
space differentials.

But these equations are still quite messy, and cer-
tainly are not purely wave equations. Furthermore, there
is still some extra degree of freedom in these potentials
in terms of their implications for the observable ~E and
~B fields. For example, you can add any kind of constant
numerical offset to the entire electrical potential A0, and
this will not change the behavior of the system, because
the observable electrical force is defined only in terms of
the gradient or slope of this potential field, not its abso-
lute magnitude.

In more formal parlance, it is said that one can choose
different gauges for these potentials, and this choice will
affect the form of the equations. In the Lorenz gauge
mentioned earlier, this extra degree of freedom is re-
moved by defining:

∂A0

∂t
= −c2~∇ · ~A (199)

For later convenience, this also means that:

~∇ · ~A = − 1

c2
∂A0

∂t
(200)

When you take this latter form and plug it into the
above two Maxwell equations, you end up canceling
some of the nasty bits out, and you get a very nice form

of standard wave equations. For equation (i), we get:

∇2A0 + ~∇ · ∂
~A

∂t
= − 1

ε0
ρ

∇2A0 +
∂

∂t

(

~∇ · ~A
)

= − 1

ε0
ρ
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∂
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(

1

c2
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∂t

)

= − 1

ε0
ρ

∇2A0 −
1

c2
∂2A0

∂t2
= − 1

ε0
ρ

∂2A0

∂t2
= c2∇2A0 +

1

ε0
ρ

(201)

(where the boxes indicate the location of the substitu-
tion). The result is clearly a basic wave equation with an
additional “driving” term of 1

ε0
ρ.

For equation (iv), you get:
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(202)

Again, somewhat miraculously, a wave equation
emerges, again with a driving term.

Appendix B: Deriving the Conserved Charge
Expression for the Complex KG Equation

The mathematical definition of a conserved quantity
is that the sum total (i.e., integral) of its value across all
of space does not change. In this case, the conserved
quantity is the magnitude of the wave state value: φφ∗.
Therefore, the appropriate integral is:

∫ +∞

−∞
φ(t, ~x)φ∗(t, ~x)dx (203)

where we have expressed the state value as a continuous
function of both time and spatial coordinates, which we
subsequently drop for convenience.

To determine the conserved quantity, we set the rate
of change of this integral to zero, which means that its
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value cannot change over time:

∂

∂t

[∫ +∞

−∞
φφ∗dx

]

= 0 (204)

by propagating the temporal derivative into the integral,
you get:

∫ +∞

−∞

(

∂φ∗

∂t
φ+ φ∗

∂φ

∂t

)

dx = 0 (205)

At this point in the derivation for the conserved probabil-
ity computed by Schrödinger’s equation, one substitutes
in the right-hand-side of Schrödinger’s equation for ∂φ

∂t

and ∂φ∗

∂t
, and then proceeds to derive a nice equation in-

volving the spatial gradient terms (which is what is on
the right-hand-side of Schrödinger’s equation, as well as
the KG equation). This results in this definition of the
probability gradient:

~J ≡ − ih̄

2m0

(

φ∗~∇φ− φ~∇φ∗
)

(206)

which should be familiar to you, as it is the same result
obtained for the KG equation.

The next step for the KG equation is less clear, be-
cause it is a second-order equation in time, and thus can-
not be used to directly substitute into the ∂

∂t
terms in

equation 205. Instead, the approach starts from a some-
what different premise. Another way of stating that a
quantity is conserved is to state that the density ρ and
current ~J obey a continuity equation:

∂ρ

∂t
+ ~∇ · ~J = 0

∂ρ

∂t
= −~∇ · ~J (207)

where ~∇· is the divergence of a vector quantity:

~∇ · ~J ≡ ∂Jx

∂x
+
∂Jy

∂y
+
∂Jz

∂z
(208)

(this is just the sum of the spatial derivatives along each
spatial direction). We’ll cover divergence in greater de-
tail in the next section on electromagnetic fields, but for
the time being, it represents the amount of new “stuff”
accumulating in a given region of space from the flow in
from its neighbors. If the total amount of stuff is to re-
main constant, then this increment needs to be offset by a
change in the amount of stuff in that region itself, which
is ∂ρ

∂t
. This is what this equation captures.

This continuity relationship can be expressed in a
four-vector (space-time) derivative notation, in terms of
a single four-vector charge/current variable Jµ:

∂µJ
µ =

∂J0

∂t
+
∂J1

∂x
+
∂J2

∂y
+
∂J3

∂z

∂µJ
µ =

∂J0

∂t
+ ~∇ · ~J (209)

where J0 = cρ (so, charge, like energy, is a “time-like”
quantity, whereas current is a space-like quantity). The
continuity relationship in these terms is therefore:

∂µJ
µ = 0 (210)

So, this is the goal: come up with a four-vector
charge/current value Jµ whose four-derivative ∂µ is 0.
I was not able to determine how to proceed in a for-
ward direction from this goal. Instead, it appears that
the two texts that perform this derivation (Greiner, 2000;
Gingrich, 2004) start with some kind of inspiration from
the Schrödinger equation case, and end up with an ex-
pression that satisfies the continuity relationship. This
starting point is:

φ∗(∂µ∂
µ +m2

0)φ− φ(∂µ∂
µ +m2

0)φ
∗ = 0 (211)

where you might recall that the KG wave equation can
be written in four-vector notation (equation 82) as:

(∂µ∂
µ +m2

0)φ = 0

because two of these four-derivatives gives you (equa-
tion 39):

∂µ∂
µ =

∂2

∂t2
−∇2

Thus, the starting expression amounts to multiply-
ing the standard KG wave equation by the complex con-
jugate φ∗, and subtracting the opposite configuration,
which is the KG wave equation operating on the con-
jugate variable φ∗, multiplied by the wave state φ.

If we take the first half of this expression, it is:

φ∗(∂µ∂
µ +m2

0)φ

∂µ(φ∗∂µφ) − (∂µφ
∗)(∂µφ) +m2

0φ
∗φ (212)

and for the opposite configuration:

φ(∂µ∂
µ +m2

0)φ
∗

∂µ(φ∂µφ
∗) − (∂µφ)(∂µφ∗) +m2

0φφ
∗ (213)

So when you subtract them, the second and third terms
in each expression are the same, and cancel out, leaving
only the difference in the first terms:

(∂µφ
∗)(∂µφ) − (∂µφ)(∂µφ∗) = 0

∂µ(φ∗∂µφ− φ∂µφ∗) = 0 (214)

Now this is exactly what we were looking for, if
we recognize that this is an expression where the four-
derivative of something equals zero. That something
must be the conserved four-current, Jµ:

∂µJ
µ = 0

∂µ(φ∗∂µφ− φ∂µφ∗) = 0

Jµ = φ∗∂µφ− φ∂µφ∗(215)
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We can then separate this into the charge (J0) and current
components, as:

J0

c
= ρ ≡ ih̄e

2m0c2

(

φ∗
∂φ

∂t
− φ

∂φ∗

∂t

)

(216)

and
~J ≡ − ih̄e

2m0

(

φ∗~∇φ− φ~∇φ∗
)

(217)

where the extra conversion constants are inherited from
the analogous expression for Schrödinger’s equation, and
ensure that the KG equation reduces to it in the non-
relativistic limit. As we are only concerned with natural
units, we don’t worry about this too much.

To actually compute these in a simulation, we need
to again break down the complex field value φ into its
two scalar components. We get rid of h̄ and c because
they are 1 in our units, but preserve the mass term, and
use a = ϕa and b = ϕb for ease of calculation:

ρ =
ie

2m0

(

φ∗
∂φ

∂t
− φ

∂φ∗

∂t

)

φ∗
∂φ

∂t
− φ

∂φ∗

∂t
= (a− ib)(ȧ+ iḃ) − (a+ ib)(ȧ− iḃ)

= (aȧ+ iaḃ− ibȧ+ bḃ) −
(aȧ− iaḃ+ ibȧ+ bḃ)

= 2iaḃ− 2ibȧ

ρ =
e

m0
(bȧ− aḃ)

ρ =
e

m0
(ϕbϕ̇a − ϕaϕ̇b) (218)

and for the spatial (current) terms, it boils down to
the same kind of equation in the end:

~J = − ie

2m0

(

φ∗~∇φ− φ~∇φ∗
)

φ∗~∇φ− φ~∇φ∗ = 2ia~∇b− 2ib~∇a
~J =

e

m0
(a~∇b− b~∇a)

~J =
e

m0
(ϕa

~∇ϕb − ϕb
~∇ϕa) (219)

These are just the expressions that were given in the
main text.

Appendix C: Deriving the Coupled KG
Equations

As for previous such derivations, this is an exercise in
crunching through the algebra of these equations, and the
main results were already presented above. Nevertheless,
it may benefit comprehension to work through this.

The starting point for the derivation is the second-
order four-momentum version of the wave equation:

p̂µp̂µφ = m2
0c

2φ

To actually do algebra on this thing, it appears to be more
straightforward to write everything out explicitly as:

[

gµν

(

ih̄
∂

∂xν

)(

ih̄
∂

∂xµ

)]

φ = m2
0c

2φ (220)

where gµν = (1,−1,−1,−1) is the “metric tensor” that
gets the signs right.

When you add the electromagnetic coupling factors,
this is:
[

gµν

(

ih̄
∂

∂xν
− e

c
Aν

)(

ih̄
∂

∂xµ
− e

c
Aµ

)]

φ = m2
0c

2φ

(221)
Because of the conventions on multiplication of four-
vectors, this is the sum of the products of each of these
terms independently, so we can break out the time and
space components (and space components get a minus
sign, due to the gµν metric tensor):

(

ih̄
∂

∂cdt
− e

c
A0

)2

φ−
(

ih̄~∇− e

c
~A
)2

φ = m2
0c

2φ

1

c2

(

ih̄
∂

∂dt
− eA0

)2

φ =
(

ih̄~∇ +
e

c
~A
)2

φ+m2
0c

2φ

(222)

This equation agrees with that given by Greiner (2000)
(although I’m just a bit confused as to the + sign in the
spatial term, but presumably this comes from the metric
tensor.

Next, we extract the pure second-order temporal
derivative from the left-hand-side, and have that equal
to some expression on the right. We’ll proceed to mul-
tiply through the squared terms to get the relevant cross
products:

1

c2

(

−h̄2 ∂
2

∂t2
− 2ih̄eA0

∂

∂t
+ e2A2

0

)

φ =

(

−h̄2∇2 + 2ih̄
e

c
~A · ~∇ +

e2

c2
~A2

)

φ+m2
0c

2φ

−h̄2 ∂
2φ

∂t2
− 2ih̄eA0

∂φ

∂t
+ e2A2

0φ =

−h̄2c2∇2φ+ 2ih̄ec ~A · ~∇φ+ e2 ~A2φ+ c2m2
0c

2φ

(223)
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−h̄2 ∂
2φ

∂t2
= −h̄2c2∇2φ+ c2m2

0c
2φ+

2ih̄e

(

A0
∂φ

∂t
+ c ~A · ~∇φ

)

+

e2φ
(

~A2 −A2
0

)

∂2φ

∂t2
= c2

(

∇2 − m2
0c

2

h̄2

)

φ−

2ie

h̄

(

A0
∂φ

∂t
+ c ~A · ~∇φ

)

+

e2φ

h̄2

(

A2
0 − ~A2

)

(224)

So, we recover our basic KG wave equation in the
first part, plus this extra set of terms that are kind of like
a mass term in that they enter as a multiple of the overall
wave function. The presence of the i in these terms also
serves to couple the two formerly independent complex
components! This is what drives the rotation around the
complex plane, where ϕa rotates into ϕb, and vice-versa.

Here are the explicit equations for independent com-
plex components (again using a and b initially for ϕa and
ϕb):

∂2a

∂t2
= ∇2a−m2

0a−

2ei

(

A0
∂a+ ib

∂t
+ ~A · ~∇(a+ ib)

)

+

e2(a+ ib)
(

A2
0 − ~A2

)

= ∇2a−m2
0a−

2e

(

−A0
∂b

∂t
− ~A · ~∇b

)

+

e2a
(

A2
0 − ~A2

)

∂2ϕa

∂t2
= ∇2ϕa −m2

0ϕa +

2e

(

A0
∂ϕb

∂t
+ ~A · ~∇ϕb

)

+

e2ϕa

(

A2
0 − ~A2

)

(225)

and:

∂2b

∂t2
= ∇2b−m2

0b−

2ei

(

A0
∂a+ ib

∂t
+ ~A · ~∇(a+ ib)

)

+

e2(a+ ib)
(

A2
0 − ~A2

)

= ∇2b−m2
0b−

2e

(

A0
∂a

∂t
+ ~A · ~∇a

)

+

e2b
(

A2
0 − ~A2

)

∂2ϕb

∂t2
= ∇2ϕb −m2

0ϕb −

2e

(

A0
∂ϕa

∂t
+ ~A · ~∇ϕa

)

+

e2ϕb

(

A2
0 − ~A2

)

(226)

As noted earlier, it is critical to break symmetry here
and use the current value of ϕ̇a when updating ϕb.

The expressions for the conserved charge and charge
current also change with the addition of the EM coupling,
as follows:

ρ =
ih̄e

2m0c2

(

φ∗
∂φ

∂t
− φ

∂φ∗

∂t

)

− e2

m0c2
A0φφ

∗ (227)

~J ≡ − ih̄e

2m0

(

φ∗~∇φ− φ~∇φ∗
)

− e2

m0c
~Aφφ∗ (228)

These could be re-derived as before, but now that we
know how the process works and what the principles in-
volved are, we will just take the word of Greiner (2000),
and use his expressions, given above.

These need to be converted into computational ex-
pressions in terms of the separate complex components,
which is straightforward:

ρ =
e

m0
(ϕbϕ̇a − ϕaϕ̇b) −

e2

m0
A0(ϕa

2 + ϕb
2) (229)

~J =
e

m0
(ϕa

~∇ϕb−ϕb
~∇ϕa)− e2

m0

~A(ϕa
2+ϕb

2) (230)
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