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Many featuresf generakelatvity canbe capturedn ananalogcellularautomatormodeloperat-
ing within athreedimensionategularface-centeredubiclattice. Thegravitational eld is modeled
asareal-valuedstatevariablethat propa@tesaccordingto a standardsecond-ordewave equation.
The valueof the eld at eachpoint determineghe effective distancebetweencells andthe effec-
tive “mass” of ary otherwavesin the system(e.g., electromagnetiavaves). The effects of this
gravitational eld wereexploredin the contet of asecond-ordewave eld representingheelectro-
magneticwave eld. Theenepgy of thiswave eld providesthe driving sourceof the gravitational

eld, andsufciently high-enegy wavesdrive a gravitational well that trapsthe wave oscillations
(i.e., aminiature“black hole”), producinga stabledynamicstate. Theseminiatureblack holesex-

hibit chaotic,randombrownianmotion,andareappropriatelyacceleratethy a constangravitational
gradient.

. INTRODUCTION

This paperpresentsan analog(continuous-alued) cellular automaton(CA) model of gravitation as
describedby generalrelativity. An analogCA usesreal-\aluedstatevariablesin a regular face-centered
cubiclattice,updatedsynchronoushypy simplelocalneighborhooadomputationsin otherwork, acomplete
modelof thecoupledMaxwell-Diracequationgor electrodynamichasbeendeveloped1]. Here,weapply
this sameapproacho gravitation. The resultingmodel,coupledto a simplesecond-ordeelectromagnetic
wave ®eld, producesa stableblack-holeat the Planckscale. Theseminiatureblack holesexhibit chaotic,
randombrownianmotion,andareappropriatelyacceleratethy a constangravitational gradient

CA modelsareappealingoecauseghey represenairguablythe simplestway of implementingphysical
processesspacss canedinto alattice of identicalsmallcubeg(cells),eachcell containsoneor morestate
variables,and physics emepgesthroughthe local interactionsbetweenthesecells (Figure 1). A number
of differentCA modelsof variousphysicalandotherphenomendave beendeveloped,andtheir potential
virtuesasphysicalmodelsdiscussed2-14]. Most of theseCA modelsinvolve discrete(binary) statevari-
ables(i.e.,adigital CA), anddespiteall the promisingefforts, nobodyhasyet comeup with a binary-state
CA systemthat producessomethindik e fundamentaphysics(e.g.,quantumelectrodynamics)However,
by introducingcontinuous-aluedstatevariables(i.e., an analag CA), several researcherlave beenable
to modelthe evolution of fundamentaljuantumwave functions[13, 14]. The presentmodelalsoadopts
continuous-aluedstatevariables.

As discussedat greaterlengthin [1], the useof continuous-aluedstatesmay seemproblematicfrom
the perspectie of a digital computeybut they aremorenaturalin termsof analogcomputersFurthermore,
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Figurel: Face-centeredubictiling of spaceshaving centersof cellsasnodeswith all 26 neighborsof a givencell
shavn. Thisis the neighborhoodver which cellsinteract. The squareddistancef the neighborgshovn) weight
their contributions.

suchanalogCA modelstypically have simplerupdaterulesthanstandardligital CA's, andthey allow the
systento achiave rotationalsymmetryin all directionswhichis oftena problemfor digital models.

II. THE GRAVITATIONAL FIELD

The gravitational ®eld g entersinto the modelby increasinghe distancedetweemeighboringpoints
(warping space)and by decreasinghe time constantfor wave updategwarpingtime). Eachcell hasa
continuous-aluedstatevariableg!, indexed spatiallyby subscript = (xi;yi; zi) andtemporallyby super
scriptt. ThecellsareatthePlanckscale with length

P —
N _(hg) _ 1:616%10 *3cm (1)
P c

The g ®eld propagtesaccordingto a standardsecond-ordewave equation,driven by the local enegy
computedrom thewave equatiorEit+1 (asdescribedelaw):

g = cr Seg + E[ @
g™t =g+g 3)
gt =g +g" (@)

wherer 3¢ is a discreteapproximatiorto the laplacianr 2 thatinvolvesall 26 neighborsof a given cell
(Figurel). In [15], we shawv that this laplacianapproximationdoesan excellentjob of preservingrota-
tional symmetryof wave propagtion. For realisticwavelengthsn a Planck-scalesystemwhich aremary
ordersof magnitudelarger thanthe cells (e.g., the diameterof a hydrogenatomis 6:19x10%* cells), this
approximations effectively perfect. Thelaplaciancomputations:
2 3 X
S T26Si 13 ki(sj si) (5)
j2N 26
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wherek; is afactorthatweightsthe differentneighborddifferentially accordingto their distancefrom the
centralcell:

K = = (6)
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andd is the Euclideandistanceto the neighboy :

faces: k;

edges:K;

corners:K;
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The space-timeurvatureimposedby the gravitational ®eld in the presensystemis identicalto that of
generalrelativity, at leastwithin the simpli®ed Schwarzchildmetric. This metric representsn idealized
universewith a single staticsphericalobjectof massM (e.g.,anidealizedstar),usinga radial coordinate
system.Spacds stretchedalongtheradialdirectionr asfollows:

1

Or = 1 M (8)

r

andtimeis stretchedy a similarfactor In thepresensystemwe introduceneighborhoodouplingfactors
k9 thatwarpspaceaccordingo theirinverse(i.e.,wealer coupling= greatereffective cunature),sothatthe

effective stretchingcanbe convenientlycomputedn termsof the valueof kig asa function of thedistance
r%alonga grid axisfrom a single®xed point mass:

1 2M
= l+2g =1+ oo 9

wherethegravitational®eld g in theabsencef ary driving enegy falls off as'\?"g (andis thusproportional
to theNewtoniangravitationalpotential®eld). Thesewo curvaturevaluesareequivalentif we useanoffset
of r®=r 2M (i.e., measuringhe radial distancefrom the Schvarzchildradius2M insteadof from the
centerof themass).The samegoesfor time dilation.

With theseneighborhoodatouplingconstantsn place,the laplaciancalculationfor all otherwave ®elds
in thesystem(e.g.,theelectromagneti®elds)is:

¢ 3X
2 = _ > O~ 9. b
r 269 1+ 2Jg|tj 13j2N ku ( J i) (10)

wherethe couplingfactorskﬁ-’ in the 26-neighborhoodl are:

1
kI = o —— (11)
Vod + 2]
Recallthatin at spacehecouplingfactorsare:
1
ki = = (12)
] dﬁ

Thus, the gravitational ®eld is simply addingto the distancebetweenneighboringpointsin space. The
absolutevaluejg; j is requiredbecausealthoughg is typically positive, wave propagtioncancauset to go
brie y negative, andthis mightleadto asingularity Thetime warpingeffectis evidentin the Wlm factor
which slows therateof wave propagtionin proportionto thegravitational®eld value. |

Note thatthis gravitational ®eld is not affectedby itself: the couplingfactorsarethe standardsquared
distancetermswithout the extra gravitational distancesandthe effective 2mass®f eachpointin the grav-
itational ®eld is 1. Neverthelessthe gravitational ®eld indirectly coupleswith itself via its effectson the
otherwave ®elds.
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. THE ELECTROMAGNETIC WAVE FIELD

In [1], the completeelectrodynamisystemof Maxwell's equationgor the electromagneti®eld and
the Dirac equationfor the motion of an electronchage ®eld are simulatedin an analogCA framework.
Maxwell's equationsn the potentialform reduceto a standardsecond-ordewave equation:

@AO — 2 1

@ - cr 2Aq + - (13)
whereAj is the scalarpotential(alsowrittenVV or ). Similar wave equation®perateon eachof thethree
componentsf thevectorpotential X = (Ax;Ay; A;):

@A
@ r A+ oF (14)
In the presensystemwe only considerthe scalarpotential with no sourcegi.e., = 0), whichreducedo
asimplewave equation.The gravitationally-weighteddiscretelaplacianis used:
t+1 2
Ro " = 1 25, Agt 15
Oi 1+ ZJgItJ 26g 0j ( )

Theenepgy containedn this scalampotentialwave canbe computedas:
3 X (Ao Aqg)?

2 13ij d¢ + 2ig]

B = 21+ 2g) Ao A
wherethe ®rst termis the kinetic enegy (% mv?), andthe secondis the potentialenegy (gravitationally
weighted)representey the displacemenof the currentcell relative to its neighbors.

The emepgenceof stableblack holesin the systemdependsritically on this form of couplingbetween
wave enegy andgravitation, includingthe useof E '*! insteadof E!, andtheintegrationof E*! overthe
local neighborhoodIntuitively, thesepropertiesenablethe gravitational ®eld to 2stayin front® of thewave
®eld: theneighborhoodntegrationof E*! effectively doublesherateof propagtionof informationabout
wave enengy.

A. Edges

Computationalimitationsrequiresimulationsof the systemto beperformedn arelatively smallmatrix
of cells (e.g.,around25Q® cells on the authors 28 node@beavulf® cluster),meaningthat edgesposean
importantproblem. One canapproximatehe Sommer®eldoundaryconditionsto minimize echosoff of
theedges.Theupdateequationgor edgeelementgindexede) thusdiffer from thosefor internalcellsby not
integratingthe ®rst temporalderivative, which is insteadsetdirectly equalto the normalsecondderivative
term:

t+1 02 2

— t
Age = 1+—2jggjr 269A0e a7
G = T Z6C (18)
These®rst derivative termsareintegratedinto the stateterm,with adecayvalue (typically .02):
1
Aot = (1 )Ack+ Acg (19)
&= g+ a” (20)

This decayvalue more accuratelysimulatesa the 1=r dissipationof the EM ®eld thatwould occurin an
in®nite CA space.
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Figure2: Sequencef 6 statedor a stableblackhole. Theleft of eachpanelshavs the EM wave state,andtheright
the gravitational state. The displayshavs 15x 15 x 5 (horiz, depth,vert) cells, with the statevaluerepresentethoth
by the heightof the planeat eachpoint, andby color & transpareng(solid yellow = highly positive, transparengrey
= zero, solid light blue = highly negative). The EM wave stateexhibits strongdisparitiesone cell apart,producing
high enepgy levelsthatdrive a gravitationalwell (actuallyabumpin theg eld, asshown) thattrapsthesewaves.The
gravitationalwell alsoexhibitsimportantdynamics;a staticwell will not producea stabledynamic.

IV. STABLE PLANCK-SCALE BLACK HOLES

Whenthelocal enegy of theEM wave ®eld exceedsa critical value(approximatel\6 in thenaturalunits
of the system) the resultinggravitational distortionsare suf®cientto trap the propagtion of the EM wave
®eld, producinga stableoscillatory pattern. This canbe inducedfor exampleby perturbingan otherwise

at EM wave ®eld with a wave paclet of wavelength4 cells, gaussiarwidth of 4, andamplitudel.5. The
enegy of the trappedEM wave sustainghe gravitational distortion necessaryo prevent the wave from

dissipating. The peakgravitational or enegy value of the black hole uctuates aroundthe rangeof 3-5

in the naturalunits of the system with an overall averageof around3.6. This is consistenwith the mass
expectedfor a Planck-scalélack hole. Thus,this demonstratethat the CA modelcan capturerelevant
gravitationalphenomena.

Interestinglythereis nosingularityatthe Schwarzchildradiusof this systemandsomeEM wave enegy
continuesto radiateout from the black hole. Thus, this modelmay provide a way of understandinghe
behaior of stronggravitationalforcesthatavoids someof the complicationghatarisein variousanalytical
frameworks.

A sequencef imagesof a stableblack hole areshavn in Figure 2, shaving how the EM wave ®eld
developsstandingoscillationswithin a gravitationalwell. The stability of this systemdepend®n comple
interactionsbetweernthewave andgravitational®elds— freezingthe gravitational®eld atany pointresults
in thedissipationof the EM wave ®eld enepy.
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Figure3: Trajectoriesof a black hole on 11 differentrunsin a 50x50x50universewith minor differencedn initial
startingconditions, demonstratinghe chaoticandrandomnatureof themotion. Displayis 41x41x33 andtrajectories
arecolor codedfor time: early-lategoesfrom light blue,darkblue,grey, darkred,to yellow.

A. Motion of the Black Hole

In otherwiseemptyspaceablackholein this systemexhibits randompatternsof motion, suggestie of
compl emepgentdynamicsin theinteractionbetweerthe surrounding®eld andthe blackhole (Figure3).
To characterizehis motion, the meanand variability of the black hole location displacements were
computedor differenttime incrementsn in differentdirectionsd:

t(m; @) = (%tem %) O (21)

wheret indexestime andx is the location(maximumof the gravitational ®eld). Figure4ashawvs thatthe
meandisplacements essentiallyzero, while the varianceincreasedinearly with time incrementm. This
is indicative of brownian randommotion. It is also notavorthy that the varianceis roughly equalin all

differentdirectionsd, includingthosealonggrid axesandoff-axis diagonalsjndicatingthatthe underlying
squaregrid is not evidentin overall motion. At smalltime incrementdm < 100), oscillationof the black
holeitself produce®scillatoryvariancen thesedisplacementéFigure4b).

As might be expectedrom therandombrownian characteof blackhole motion, it is alsohighly sensi-
tive to initial conditions. For example,entirely differenttrajectoriesof motion are producedby startingat
(25,25,25)n anotherwiseempty50° universe comparedo startingat (24,25,25)Figure3). In this sense,
onecancharacterizéhe motionaschaotic.

To measurehe black hole's motion undera netforce, gravitational gradientsalong a given direction
wereimposed. Figure 5a shaws that this gradientproducesa constantacceleratiorof motion&davn® the
gradientconsistentvith Newtoniandynamics Furthermoretheacceleratioris proportionako thegradient
(Figure5b). Becauseaf the bronvnianrandommotion,which persistdan the presencef the gradient there
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Figure4: a) Meanand varianceof black hole motion for a single black hole in empty space(50x50x50universe,
computedover 11 runswith differentstartinglocations),shaving displacement@ differentdirectionsfor different
time increments.The essentiallyzeromeanandlinearly increasingvariancewith time incrementareconsistentvith
brownianrandommotion. Also, motionis essentiallyequivalentalonggrid axesandoff-axis diagonalsindicatingthat
grid effectsarenot a problem.b) Oscillationspresentin averagedisplacementariability for smalltime increments,
likely resultingfrom the fundamentabscillationof the blackholeitself.
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Figure5: a) Black hole locationin the X axisovertime in a gravitational eld gradientG alongthis axis of .03166
G percell. This trajectoryis anaverageover 5 runsvarying only by 1 cell in the Y,Z axesfrom the startingpoint
of (10,25,25)in a (50,50,50)universe.Averagingreducessomeof the variability associateavith randompatternsof
motionalongthe otheraxes,which persistedhroughouthetrajectory b) Summaryresultsfor differentgravitational
eld gradientsshawving a linear effect on acceleration.The two straightlines re”ectlinear regressionts for the
entiresetof points(dashedine) andjust for the fastestpointsfor eachgradientvalue (dottedline), while the solid
line re” ectsthe average. The slopesof the two regressionlines aresimilar (5.873e-7and6.878e-7) andit is likely

thattheinterceptwill passthroughthe origin for a directtrajectorywithout the slowing effectsof bronnianmotion.

is considerablevariability in the measuredicceleration®f differentruns. Eachrun differedonly in the
startinglocationby onecell, again demonstratinghe chaoticnatureof motion.

Finally, whentwo black holesareplacedin closeproximity (i.e., within 10 or lesscells), their mutual
gravitational attractiondravs themtoward eachother at which point they meige into a singleblack hole,
andproducehigh amplitudewavesthatcarry off the excessenenpy.
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V. DISCUSSION

The resultspresentecdabore demonstratéhat this analogcellular automatormodel of gravitation can
exhibit someof theappropriatgghenomenologpf gravitation. Furtherwork is necessaryo explorethede-
tailedrelationshipbetweerthis modelandthefull scopeof generarelativity, andto provide moredetailed,
largerscalemodelsto comparewith obseneddata.

Onepotentialdiscrepang betweergenerakelativity andthis modelconcernghe computatiorof grav-
itational self-enegy. Accordingto generalrelativity, the propagtion of gravitational wavescontrikutesto
the enegy thatdrivesgravitation. Whenthis notionwasimplementedn the systemby computinggravi-
tationalenegy in the sameway aswave enegy, the systeminevitably becameaunstable producingin®nite
gravity ®eld values(evenwith very smallscalingfactorsfor the gravitational self-enegy contrikution). In-
steadof directly addinga self-enegy termin the system,the propagtion of time and spacewarpingvia
gravity indirectly affectsthe enegy computedin the EM wave function, andthis might be suf®cient to
accountfor the predicted(andobsened) self-enegy factorsof generakelativity.

Froma cosmologicaperspectie, the at underlyingreferenceéramebuilt into in this systemmay also
have importantexplanatorybene®ts for examplein providing an explanationfor the otherwisesomevhat
coincidental atnessof emptyspacgfor which the controversialcosmologicatonstanwasinvokedin the
frameawork of generalrelativity) — in the absenceof all matter spacein the presentsystemre ects the
cartesianatnesshbuilt into the cellularmatrix.

Thereareotherimportantcosmologicalssuegaisedby this model. Becausespaceandtime areprimary
in this system(as comparedo being createdand shapedby matterasin generalrelativity), the natural
cosmologyis oneof in®nite spaceandtime — boundaryconditionson eithertendto beg more questions
thanthey answer Insteadof the big bangcreatingan expandingbubble of spacethat is the entirety of
the universe,which is naturalin the generalrelatiity frameavork, one could think of the big bangasthe
explosion of the motherof-all-black holes(MOAB) within a region of the in®nite universe. The natural
scenariadhatemepesis thusoneof perpetuabscillationbetweerblack hole consolidatiorandexplosion.
Over time, all black holeswithin someregion of the universeeventually memge into this MOAB, until a
presumedritical pointis reachedvhereit explodesand ings enegy outward,allowing galaxiesandblack
holesto form, whereuporthe processof consolidationbegins anav. This dynamicavoids the problems
of uniguenes®f our point in time and counteractghe effects of the secondaw of thermodynamicsthe
MOAB restoreorderby concentratingverythinginto a smalluniform blob of enegy.
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