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Many featuresof generalrelativity canbecapturedin ananalogcellularautomatonmodeloperat-
ing within a threedimensionalregularface-centeredcubiclattice.Thegravitational�eld is modeled
asa real-valuedstatevariablethatpropagatesaccordingto a standardsecond-orderwave equation.
The valueof the �eld at eachpoint determinesthe effective distancebetweencells andthe effec-
tive “mass” of any other waves in the system(e.g., electromagneticwaves). The effects of this
gravitational�eld wereexploredin thecontext of asecond-orderwave �eld representingtheelectro-
magneticwave �eld. Theenergy of this wave �eld providesthedriving sourceof thegravitational
�eld, andsuf�ciently high-energy wavesdrive a gravitational well that trapsthe wave oscillations
(i.e., a miniature“black hole”), producinga stabledynamicstate.Theseminiatureblackholesex-
hibit chaotic,randombrownianmotion,andareappropriatelyacceleratedby aconstantgravitational
gradient.

I. INTRODUCTION

This paperpresentsan analog(continuous-valued)cellular automaton(CA) model of gravitation as
describedby generalrelativity. An analogCA usesreal-valuedstatevariablesin a regular face-centered
cubiclattice,updatedsynchronouslyby simplelocalneighborhoodcomputations.In otherwork,acomplete
modelof thecoupledMaxwell-Diracequationsfor electrodynamicshasbeendeveloped[1]. Here,weapply
this sameapproachto gravitation. Theresultingmodel,coupledto a simplesecond-orderelectromagnetic
wave ®eld, producesa stableblack-holeat thePlanckscale.Theseminiatureblackholesexhibit chaotic,
randombrownianmotion,andareappropriatelyacceleratedby aconstantgravitationalgradient

CA modelsareappealingbecausethey representarguablythe simplestway of implementingphysical
processes:spaceis carvedinto a latticeof identicalsmallcubes(cells),eachcell containsoneor morestate
variables,andphysicsemergesthroughthe local interactionsbetweenthesecells (Figure1). A number
of differentCA modelsof variousphysicalandotherphenomenahave beendeveloped,andtheir potential
virtuesasphysicalmodelsdiscussed[2–14]. Most of theseCA modelsinvolve discrete(binary)statevari-
ables(i.e.,a digital CA), anddespiteall thepromisingefforts,nobodyhasyet comeup with a binary-state
CA systemthatproducessomethinglike fundamentalphysics(e.g.,quantumelectrodynamics).However,
by introducingcontinuous-valuedstatevariables(i.e., an analog CA), several researchershave beenable
to modelthe evolution of fundamentalquantumwave functions[13, 14]. The presentmodelalsoadopts
continuous-valuedstatevariables.

As discussedat greaterlengthin [1], the useof continuous-valuedstatesmay seemproblematicfrom
theperspectiveof adigital computer, but they aremorenaturalin termsof analogcomputers.Furthermore,
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Figure1: Face-centeredcubictiling of space,showing centersof cellsasnodes,with all 26 neighborsof a givencell
shown. This is theneighborhoodover which cells interact. Thesquareddistancesof theneighbors(shown) weight
their contributions.

suchanalogCA modelstypically have simplerupdaterulesthanstandarddigital CA's, andthey allow the
systemto achieve rotationalsymmetryin all directions,which is oftenaproblemfor digital models.

II. THE GRAVITATION AL FIELD

Thegravitational®eld g entersinto themodelby increasingthedistancesbetweenneighboringpoints
(warpingspace)andby decreasingthe time constantfor wave updates(warping time). Eachcell hasa
continuous-valuedstatevariablegt

i , indexedspatiallyby subscripti = (x i ; yi ; zi ) andtemporallyby super-
scriptt. Thecellsareat thePlanckscale,with length

lp =

p
(hg)
c

= 1:6162x10� 33cm (1)

The g ®eld propagatesaccordingto a standardsecond-orderwave equation,driven by the local energy
computedfrom thewaveequationE t+1

i (asdescribedbelow):

•gt+1
i = c2r 2

26gt
i + E t+1

i (2)

_gt+1
i = _gt

i + •gt+1
i (3)

gt+1
i = gt

i + _gt+1
i (4)

wherer 2
26 is a discreteapproximationto the laplacianr 2 that involvesall 26 neighborsof a given cell

(Figure1). In [15], we show that this laplacianapproximationdoesan excellent job of preservingrota-
tional symmetryof wave propagation. For realisticwavelengthsin a Planck-scalesystem,which aremany
ordersof magnitudelarger thanthe cells (e.g.,the diameterof a hydrogenatomis 6:19x1024 cells), this
approximationis effectively perfect.Thelaplaciancomputationis:

r 2si � r 2
26si �

3
13

X

j 2N 26

kj (sj � si ) (5)

wherekj is a factorthatweightsthedifferentneighborsdifferentiallyaccordingto their distancefrom the
centralcell:

kj =
1
d2 (6)
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andd is theEuclideandistanceto theneighborj :

faces: kj = 1

edges:kj =
1
2

corners: kj =
1
3

(7)

Thespace-timecurvatureimposedby thegravitational®eld in thepresentsystemis identicalto thatof
generalrelativity, at leastwithin the simpli®edSchwarzchildmetric. This metric representsan idealized
universewith a singlestaticsphericalobjectof massM (e.g.,an idealizedstar),usinga radial coordinate
system.Spaceis stretchedalongtheradialdirectionr asfollows:

gr r =
1

1 � 2M
r

(8)

andtime is stretchedby asimilar factor. In thepresentsystem,we introduceneighborhoodcouplingfactors
kg thatwarpspaceaccordingto their inverse(i.e.,weakercoupling= greatereffectivecurvature),sothatthe
effective stretchingcanbeconvenientlycomputedin termsof thevalueof 1

kg asa functionof thedistance
r 0alongagrid axisfrom asingle®xedpointmass:

1
kg

ij
= 1 + 2gj = 1 +

2M
r 0 (9)

wherethegravitational®eld gj in theabsenceof any driving energy fallsoff as M
r 0 (andis thusproportional

to theNewtoniangravitationalpotential®eld). Thesetwo curvaturevaluesareequivalentif weuseanoffset
of r 0 = r � 2M (i.e., measuringtheradialdistancefrom theSchwarzchildradius2M insteadof from the
centerof themass).Thesamegoesfor timedilation.

With theseneighborhoodcouplingconstantsin place,thelaplaciancalculationfor all otherwave ®elds
in thesystem(e.g.,theelectromagnetic®elds)is:

r 2
26g =

c2

1 + 2jgt
i j

3
13

X

j 2N

kg
ij (' j � ' i ) (10)

wherethecouplingfactorskg
ij in the26-neighborhoodN are:

kg
ij =

1
d2

ij + 2jgt
j j

(11)

Recallthatin �at spacethecouplingfactorsare:

kij =
1

d2
ij

(12)

Thus, the gravitational ®eld is simply addingto the distancebetweenneighboringpoints in space. The
absolutevaluejgj j is requiredbecausealthoughg is typically positive,wave propagationcancauseit to go
brie�y negative,andthismight leadto asingularity. Thetimewarpingeffect is evidentin the 1

1+2 jgt
i j factor,

whichslows therateof wavepropagationin proportionto thegravitational®eld value.
Note that this gravitational®eld is not affectedby itself: thecouplingfactorsarethestandardsquared

distancetermswithout theextra gravitationaldistances,andtheeffective ªmassºof eachpoint in thegrav-
itational®eld is 1. Nevertheless,the gravitational®eld indirectly coupleswith itself via its effectson the
otherwave®elds.
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III. THE ELECTROMAGNETIC WAVE FIELD

In [1], the completeelectrodynamicsystemof Maxwell's equationsfor the electromagnetic®eld and
the Dirac equationfor the motion of an electroncharge ®eld aresimulatedin an analogCA framework.
Maxwell'sequationsin thepotentialform reduceto astandardsecond-orderwaveequation:

@2A0

@t2 = c2r 2A0 +
1
� 0

� (13)

whereA0 is thescalarpotential(alsowritten V or � ). Similar wave equationsoperateon eachof thethree
componentsof thevectorpotential ~A = (Ax ; Ay ; Az):

@2 ~A
@t2 = c2r 2 ~A + � 0 ~J (14)

In thepresentsystem,we only considerthescalarpotential,with no sources(i.e., � = 0), which reducesto
asimplewaveequation.Thegravitationally-weighteddiscretelaplacianis used:

•A0
t+1
i =

c2

1 + 2jgt
i j

r 2
26gA0

t
i (15)

Theenergy containedin thisscalarpotentialwavecanbecomputedas:

E t+1
i =

1
2

(1 + 2jgt
i j)

�
A0

t+1
i � A0

t
i

� 2
+

c2

2
3
13

X

j 2N

(A0
t
i � A0

t
j )2

d2
ij + 2jgt

j j
(16)

wherethe ®rst term is the kinetic energy (12mv2), andthe secondis the potentialenergy (gravitationally
weighted)representedby thedisplacementof thecurrentcell relative to its neighbors.

Theemergenceof stableblackholesin thesystemdependscritically on this form of couplingbetween
wave energy andgravitation, includingtheuseof E t+1 insteadof E t , andtheintegrationof E t+1 over the
localneighborhood.Intuitively, thesepropertiesenablethegravitational®eld to ªstayin frontº of thewave
®eld: theneighborhoodintegrationof Et+1 effectively doublestherateof propagationof informationabout
waveenergy.

A. Edges

Computationallimitationsrequiresimulationsof thesystemto beperformedin arelatively smallmatrix
of cells (e.g.,around2503 cells on the author's 28 nodeªbeowulf º cluster),meaningthat edgesposean
importantproblem. OnecanapproximatetheSommer®eldboundaryconditionsto minimizeechosoff of
theedges.Theupdateequationsfor edgeelements(indexede) thusdiffer from thosefor internalcellsby not
integratingthe®rst temporalderivative,which is insteadsetdirectly equalto thenormalsecondderivative
term:

_A0
t+1
e =

c2

1 + 2jgt
ej

r 2
26gA0

t
e (17)

_gt+1
e = c2r 2

26gt
e (18)

These®rst derivative termsareintegratedinto thestateterm,with adecayvalue
 (typically .02):

A0
t+1
e = (1 � 
 )A0

t
e + _A0

t+1
e (19)

gt+1
e = (1 � 
 )gt

e + _gt+1
e (20)

This decayvaluemoreaccuratelysimulatesa the 1=r dissipationof the EM ®eld that would occurin an
in®nite CA space.
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Figure2: Sequenceof 6 statesfor a stableblackhole. Theleft of eachpanelshows theEM wave state,andtheright
thegravitationalstate.Thedisplayshows 15 x 15 x 5 (horiz, depth,vert) cells,with thestatevaluerepresentedboth
by theheightof theplaneateachpoint,andby color& transparency (solidyellow = highly positive, transparentgrey
= zero,solid light blue = highly negative). The EM wave stateexhibits strongdisparitiesonecell apart,producing
highenergy levelsthatdriveagravitationalwell (actuallyabumpin theg �eld, asshown) thattrapsthesewaves.The
gravitationalwell alsoexhibits importantdynamics;astaticwell will notproduceastabledynamic.

IV. STABLE PLANCK-SCALE BLACK HOLES

Whenthelocalenergy of theEM wave®eldexceedsacritical value(approximately6 in thenaturalunits
of thesystem),theresultinggravitationaldistortionsaresuf®cient to trapthepropagationof theEM wave
®eld, producinga stableoscillatorypattern.This canbe inducedfor exampleby perturbinganotherwise
�at EM wave ®eld with a wave packet of wavelength4 cells,gaussianwidth of 4, andamplitude1.5. The
energy of the trappedEM wave sustainsthe gravitational distortionnecessaryto prevent the wave from
dissipating. The peakgravitational or energy valueof the black hole �uctuates aroundthe rangeof 3-5
in thenaturalunitsof thesystem,with anoverall averageof around3.6. This is consistentwith themass
expectedfor a Planck-scaleblack hole. Thus, this demonstratesthat the CA modelcancapturerelevant
gravitationalphenomena.

Interestingly, thereis nosingularityattheSchwarzchildradiusof thissystem,andsomeEM waveenergy
continuesto radiateout from the black hole. Thus, this modelmay provide a way of understandingthe
behavior of stronggravitationalforcesthatavoidssomeof thecomplicationsthatarisein variousanalytical
frameworks.

A sequenceof imagesof a stableblack hole areshown in Figure2, showing how the EM wave ®eld
developsstandingoscillationswithin a gravitationalwell. Thestability of this systemdependson complex
interactionsbetweenthewaveandgravitational®elds— freezingthegravitational®eld atany point results
in thedissipationof theEM wave®eld energy.
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Figure3: Trajectoriesof a black hole on 11 differentrunsin a 50x50x50universewith minor differencesin initial
startingconditions,demonstratingthechaoticandrandomnatureof themotion.Displayis 41x41x33,andtrajectories
arecolor codedfor time: early-lategoesfrom light blue,darkblue,grey, darkred,to yellow.

A. Motion of the Black Hole

In otherwiseemptyspace,a blackholein this systemexhibits randompatternsof motion,suggestiveof
complex emergentdynamicsin theinteractionbetweenthesurrounding®eld andtheblackhole(Figure3).
To characterizethis motion, the meanand variability of the black hole location displacements� were
computedfor differenttime incrementsm in differentdirections~d:

� t (m; ~d) = (~x t+ m � ~x t ) � ~d (21)

wheret indexestime and~x is the location(maximumof thegravitational®eld). Figure4ashows that the
meandisplacementis essentiallyzero,while thevarianceincreaseslinearly with time incrementm. This
is indicative of brownian randommotion. It is alsonoteworthy that the varianceis roughly equalin all
differentdirections~d, includingthosealonggrid axesandoff-axisdiagonals,indicatingthattheunderlying
squaregrid is not evident in overall motion. At small time increments(m < 100), oscillationof theblack
holeitself producesoscillatoryvariancein thesedisplacements(Figure4b).

As mightbeexpectedfrom therandombrowniancharacterof blackholemotion,it is alsohighly sensi-
tive to initial conditions.For example,entirelydifferenttrajectoriesof motionareproducedby startingat
(25,25,25)in anotherwiseempty503 universe,comparedto startingat (24,25,25)(Figure3). In this sense,
onecancharacterizethemotionaschaotic.

To measurethe black hole's motion undera net force, gravitational gradientsalonga given direction
wereimposed.Figure5ashows that this gradientproducesa constantaccelerationof motion ªdownº the
gradient,consistentwith Newtoniandynamics.Furthermore,theaccelerationis proportionalto thegradient
(Figure5b). Becauseof thebrownianrandommotion,which persistsin thepresenceof thegradient,there
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Figure4: a) Meanandvarianceof black hole motion for a singleblack hole in emptyspace(50x50x50universe,
computedover 11 runswith differentstartinglocations),showing displacementsin differentdirectionsfor different
time increments.Theessentiallyzeromeanandlinearly increasingvariancewith time incrementareconsistentwith
brownianrandommotion.Also,motionis essentiallyequivalentalonggrid axesandoff-axisdiagonals,indicatingthat
grid effectsarenot a problem.b) Oscillationspresentin averagedisplacementvariability for small time increments,
likely resultingfrom thefundamentaloscillationof theblackholeitself.
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Figure5: a) Black hole locationin theX axisover time in a gravitational �eld gradientG alongthis axisof .03166
G per cell. This trajectoryis an averageover 5 runsvarying only by 1 cell in the Y,Z axesfrom the startingpoint
of (10,25,25)in a (50,50,50)universe.Averagingreducessomeof thevariability associatedwith randompatternsof
motionalongtheotheraxes,whichpersistedthroughoutthetrajectory. b) Summaryresultsfor differentgravitational
�eld gradients,showing a linear effect on acceleration.The two straightlines re¯ectlinear regression�ts for the
entiresetof points(dashedline) andjust for the fastestpointsfor eachgradientvalue(dottedline), while the solid
line re¯ectstheaverage.Theslopesof the two regressionlinesaresimilar (5.873e-7and6.878e-7),andit is likely
thattheinterceptwill passthroughtheorigin for adirecttrajectorywithout theslowing effectsof brownianmotion.

is considerablevariability in the measuredaccelerationsof different runs. Eachrun differedonly in the
startinglocationby onecell, againdemonstratingthechaoticnatureof motion.

Finally, whentwo blackholesareplacedin closeproximity (i.e., within 10 or lesscells), their mutual
gravitationalattractiondraws themtowardeachother, at which point they merge into a singleblackhole,
andproducehighamplitudewavesthatcarryoff theexcessenergy.
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V. DISCUSSION

The resultspresentedabove demonstratethat this analogcellular automatonmodelof gravitation can
exhibit someof theappropriatephenomenologyof gravitation. Furtherwork is necessaryto explorethede-
tailedrelationshipbetweenthismodelandthefull scopeof generalrelativity, andto providemoredetailed,
larger-scalemodelsto comparewith observeddata.

Onepotentialdiscrepancy betweengeneralrelativity andthis modelconcernsthecomputationof grav-
itationalself-energy. Accordingto generalrelativity, thepropagationof gravitationalwavescontributesto
theenergy thatdrivesgravitation. Whenthis notionwasimplementedin thesystemby computinggravi-
tationalenergy in thesameway aswave energy, thesysteminevitably becameunstable,producingin®nite
gravity ®eld values(evenwith very smallscalingfactorsfor thegravitationalself-energy contribution). In-
steadof directly addinga self-energy term in the system,the propagation of time andspacewarpingvia
gravity indirectly affects the energy computedin the EM wave function, and this might be suf®cient to
accountfor thepredicted(andobserved)self-energy factorsof generalrelativity.

Froma cosmologicalperspective, the�at underlyingreferenceframebuilt into in this systemmayalso
have importantexplanatorybene®ts,for examplein providing anexplanationfor theotherwisesomewhat
coincidental�atnessof emptyspace(for which thecontroversialcosmologicalconstantwasinvokedin the
framework of generalrelativity) — in the absenceof all matter, spacein the presentsystemre�ects the
cartesian�atnessbuilt into thecellularmatrix.

Thereareotherimportantcosmologicalissuesraisedby thismodel.Becausespaceandtimeareprimary
in this system(as comparedto beingcreatedandshapedby matteras in generalrelativity), the natural
cosmologyis oneof in®nite spaceandtime — boundaryconditionson eithertendto beg morequestions
than they answer. Insteadof the big bangcreatingan expandingbubbleof spacethat is the entiretyof
the universe,which is naturalin the generalrelativity framework, onecould think of the big bangasthe
explosionof the mother-of-all-black holes(MOAB) within a region of the in®nite universe. The natural
scenariothatemergesis thusoneof perpetualoscillationbetweenblackholeconsolidationandexplosion.
Over time, all black holeswithin someregion of the universeeventuallymerge into this MOAB, until a
presumedcritical point is reachedwhereit explodesand�ings energy outward,allowing galaxiesandblack
holesto form, whereuponthe processof consolidationbegins anew. This dynamicavoids the problems
of uniquenessof our point in time andcounteractsthe effectsof the secondlaw of thermodynamics;the
MOAB restoresorderby concentratingeverythinginto asmalluniformblobof energy.
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