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Many features of general relativity can be captured in an analog cellular automaton model operat-
ing within a three dimensional regular face-centered cubic lattice. The gravitational field is modeled
as a real-valued state variable that propagates according to a standard second-order wave equation.
The value of the field at each point determines the effective distance between cells and the effec-
tive “mass” of any other waves in the system (e.g., electromagnetic waves). The effects of this
gravitational field were explored in the context of a second-order wave field representing the electro-
magnetic wave field. The energy of this wave field provides the driving source of the gravitational
field, and sufficiently high-energy waves drive a gravitational well that traps the wave oscillations
(i.e., a miniature “black hole”), producing a stable dynamic state. These miniature black holes ex-
hibit chaotic, random brownian motion, and are appropriately accelerated by a constant gravitational
gradient.

I. INTRODUCTION

This paper presents an analog (continuous-valued) cellular automaton (CA) model of gravitation as
described by general relativity. An analog CA uses real-valued state variables in a regular face-centered
cubic lattice, updated synchronously by simple local neighborhood computations. In other work, a complete
model of the coupled Maxwell-Dirac equations for electrodynamics has been developed [1]. Here, we apply
this same approach to gravitation. The resulting model, coupled to a simple second-order electromagnetic
wave field, produces a stable black-hole at the Planck scale. These miniature black holes exhibit chaotic,
random brownian motion, and are appropriately accelerated by a constant gravitational gradient

CA models are appealing because they represent arguably the simplest way of implementing physical
processes: space is carved into a lattice of identical small cubes (cells), each cell contains one or more state
variables, and physics emerges through the local interactions between these cells (Figure 1). A number
of different CA models of various physical and other phenomena have been developed, and their potential
virtues as physical models discussed [2–14]. Most of these CA models involve discrete (binary) state vari-
ables (i.e., a digital CA), and despite all the promising efforts, nobody has yet come up with a binary-state
CA system that produces something like fundamental physics (e.g., quantum electrodynamics). However,
by introducing continuous-valued state variables (i.e., an analog CA), several researchers have been able
to model the evolution of fundamental quantum wave functions [13, 14]. The present model also adopts
continuous-valued state variables.

As discussed at greater length in [1], the use of continuous-valued states may seem problematic from
the perspective of a digital computer, but they are more natural in terms of analog computers. Furthermore,
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Figure 1: Face-centered cubic tiling of space, showing centers of cells as nodes, with all 26 neighbors of a given cell
shown. This is the neighborhood over which cells interact. The squared distances of the neighbors (shown) weight
their contributions.

such analog CA models typically have simpler update rules than standard digital CA’s, and they allow the
system to achieve rotational symmetry in all directions, which is often a problem for digital models.

II. THE GRAVITATIONAL FIELD

The gravitational field g enters into the model by increasing the distances between neighboring points
(warping space) and by decreasing the time constant for wave updates (warping time). Each cell has a
continuous-valued state variable gt

i , indexed spatially by subscript i = (xi, yi, zi) and temporally by super-
script t. The cells are at the Planck scale, with length

lp =

√

(hg)

c
= 1.6162x10−33cm (1)

The g field propagates according to a standard second-order wave equation, driven by the local energy
computed from the wave equation Et+1

i (as described below):

g̈t+1

i = c2∇2
26g

t
i + Et+1

i (2)

ġt+1

i = ġt
i + g̈t+1

i (3)

gt+1

i = gt
i + ġt+1

i (4)

where ∇2
26 is a discrete approximation to the laplacian ∇2 that involves all 26 neighbors of a given cell

(Figure 1). In [15], we show that this laplacian approximation does an excellent job of preserving rota-
tional symmetry of wave propagation. For realistic wavelengths in a Planck-scale system, which are many
orders of magnitude larger than the cells (e.g., the diameter of a hydrogen atom is 6.19x1024 cells), this
approximation is effectively perfect. The laplacian computation is:

∇2si ≈ ∇2
26si ≡

3

13

∑

j∈N26

kj(sj − si) (5)

where kj is a factor that weights the different neighbors differentially according to their distance from the
central cell:

kj =
1

d2
(6)
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and d is the Euclidean distance to the neighbor j:

faces: kj = 1

edges: kj =
1

2

corners: kj =
1

3
(7)

The space-time curvature imposed by the gravitational field in the present system is identical to that of
general relativity, at least within the simplified Schwarzchild metric. This metric represents an idealized
universe with a single static spherical object of mass M (e.g., an idealized star), using a radial coordinate
system. Space is stretched along the radial direction r as follows:

grr =
1

1 − 2M
r

(8)

and time is stretched by a similar factor. In the present system, we introduce neighborhood coupling factors
kg that warp space according to their inverse (i.e., weaker coupling = greater effective curvature), so that the
effective stretching can be conveniently computed in terms of the value of 1

kg as a function of the distance
r′ along a grid axis from a single fixed point mass:

1

kg
ij

= 1 + 2gj = 1 +
2M

r′
(9)

where the gravitational field gj in the absence of any driving energy falls off as M
r′

(and is thus proportional
to the Newtonian gravitational potential field). These two curvature values are equivalent if we use an offset
of r′ = r − 2M (i.e., measuring the radial distance from the Schwarzchild radius 2M instead of from the
center of the mass). The same goes for time dilation.

With these neighborhood coupling constants in place, the laplacian calculation for all other wave fields
in the system (e.g., the electromagnetic fields) is:

∇2
26g =

c2

1 + 2|gt
i |

3

13

∑

j∈N

kg
ij(ϕj − ϕi) (10)

where the coupling factors kg
ij in the 26-neighborhood N are:

kg
ij =

1

d2
ij + 2|gt

j |
(11)

Recall that in flat space the coupling factors are:

kij =
1

d2
ij

(12)

Thus, the gravitational field is simply adding to the distance between neighboring points in space. The
absolute value |gj | is required because although g is typically positive, wave propagation can cause it to go
briefly negative, and this might lead to a singularity. The time warping effect is evident in the 1

1+2|gt
i
|

factor,

which slows the rate of wave propagation in proportion to the gravitational field value.
Note that this gravitational field is not affected by itself: the coupling factors are the standard squared

distance terms without the extra gravitational distances, and the effective “mass” of each point in the grav-
itational field is 1. Nevertheless, the gravitational field indirectly couples with itself via its effects on the
other wave fields.
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III. THE ELECTROMAGNETIC WAVE FIELD

In [1], the complete electrodynamic system of Maxwell’s equations for the electromagnetic field and
the Dirac equation for the motion of an electron charge field are simulated in an analog CA framework.
Maxwell’s equations in the potential form reduce to a standard second-order wave equation:

∂2A0

∂t2
= c2∇2A0 +

1

ε0
ρ (13)

where A0 is the scalar potential (also written V or Φ). Similar wave equations operate on each of the three
components of the vector potential ~A = (Ax, Ay, Az):

∂2 ~A

∂t2
= c2∇2 ~A + µ0

~J (14)

In the present system, we only consider the scalar potential, with no sources (i.e., ρ = 0), which reduces to
a simple wave equation. The gravitationally-weighted discrete laplacian is used:

Ä0

t+1

i =
c2

1 + 2|gt
i |
∇2

26gA0
t
i (15)

The energy contained in this scalar potential wave can be computed as:

Et+1

i =
1

2
(1 + 2|gt

i |)
(

A0
t+1

i − A0
t
i

)2
+

c2

2

3

13

∑

j∈N

(A0
t
i − A0

t
j)

2

d2
ij + 2|gt

j |
(16)

where the first term is the kinetic energy (1
2
mv2), and the second is the potential energy (gravitationally

weighted) represented by the displacement of the current cell relative to its neighbors.
The emergence of stable black holes in the system depends critically on this form of coupling between

wave energy and gravitation, including the use of E t+1 instead of Et, and the integration of Et+1 over the
local neighborhood. Intuitively, these properties enable the gravitational field to “stay in front” of the wave
field: the neighborhood integration of Et+1 effectively doubles the rate of propagation of information about
wave energy.

A. Edges

Computational limitations require simulations of the system to be performed in a relatively small matrix
of cells (e.g., around 2503 cells on the author’s 28 node “beowulf” cluster), meaning that edges pose an
important problem. One can approximate the Sommerfield boundary conditions to minimize echos off of
the edges. The update equations for edge elements (indexed e) thus differ from those for internal cells by not
integrating the first temporal derivative, which is instead set directly equal to the normal second derivative
term:

Ȧ0

t+1

e =
c2

1 + 2|gt
e|
∇2

26gA0
t
e (17)

ġt+1
e = c2∇2

26g
t
e (18)

These first derivative terms are integrated into the state term, with a decay value γ (typically .02):

A0
t+1
e = (1 − γ)A0

t
e + Ȧ0

t+1

e (19)

gt+1
e = (1 − γ)gt

e + ġt+1
e (20)

This decay value more accurately simulates a the 1/r dissipation of the EM field that would occur in an
infinite CA space.
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Figure 2: Sequence of 6 states for a stable black hole. The left of each panel shows the EM wave state, and the right
the gravitational state. The display shows 15 x 15 x 5 (horiz, depth, vert) cells, with the state value represented both
by the height of the plane at each point, and by color & transparency (solid yellow = highly positive, transparent grey
= zero, solid light blue = highly negative). The EM wave state exhibits strong disparities one cell apart, producing
high energy levels that drive a gravitational well (actually a bump in the g field, as shown) that traps these waves. The
gravitational well also exhibits important dynamics; a static well will not produce a stable dynamic.

IV. STABLE PLANCK-SCALE BLACK HOLES

When the local energy of the EM wave field exceeds a critical value (approximately 6 in the natural units
of the system), the resulting gravitational distortions are sufficient to trap the propagation of the EM wave
field, producing a stable oscillatory pattern. This can be induced for example by perturbing an otherwise
flat EM wave field with a wave packet of wavelength 4 cells, gaussian width of 4, and amplitude 1.5. The
energy of the trapped EM wave sustains the gravitational distortion necessary to prevent the wave from
dissipating. The peak gravitational or energy value of the black hole fluctuates around the range of 3-5
in the natural units of the system, with an overall average of around 3.6. This is consistent with the mass
expected for a Planck-scale black hole. Thus, this demonstrates that the CA model can capture relevant
gravitational phenomena.

Interestingly, there is no singularity at the Schwarzchild radius of this system, and some EM wave energy
continues to radiate out from the black hole. Thus, this model may provide a way of understanding the
behavior of strong gravitational forces that avoids some of the complications that arise in various analytical
frameworks.

A sequence of images of a stable black hole are shown in Figure 2, showing how the EM wave field
develops standing oscillations within a gravitational well. The stability of this system depends on complex
interactions between the wave and gravitational fields — freezing the gravitational field at any point results
in the dissipation of the EM wave field energy.
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Figure 3: Trajectories of a black hole on 11 different runs in a 50x50x50 universe with minor differences in initial
starting conditions, demonstrating the chaotic and random nature of the motion. Display is 41x41x33, and trajectories
are color coded for time: early-late goes from light blue, dark blue, grey, dark red, to yellow.

A. Motion of the Black Hole

In otherwise empty space, a black hole in this system exhibits random patterns of motion, suggestive of
complex emergent dynamics in the interaction between the surrounding field and the black hole (Figure 3).
To characterize this motion, the mean and variability of the black hole location displacements ∆ were
computed for different time increments m in different directions ~d:

∆t(m, ~d) = (~xt+m − ~xt) · ~d (21)

where t indexes time and ~x is the location (maximum of the gravitational field). Figure 4a shows that the
mean displacement is essentially zero, while the variance increases linearly with time increment m. This
is indicative of brownian random motion. It is also noteworthy that the variance is roughly equal in all
different directions ~d, including those along grid axes and off-axis diagonals, indicating that the underlying
square grid is not evident in overall motion. At small time increments (m < 100), oscillation of the black
hole itself produces oscillatory variance in these displacements (Figure 4b).

As might be expected from the random brownian character of black hole motion, it is also highly sensi-
tive to initial conditions. For example, entirely different trajectories of motion are produced by starting at
(25,25,25) in an otherwise empty 503 universe, compared to starting at (24,25,25) (Figure 3). In this sense,
one can characterize the motion as chaotic.

To measure the black hole’s motion under a net force, gravitational gradients along a given direction
were imposed. Figure 5a shows that this gradient produces a constant acceleration of motion “down” the
gradient, consistent with Newtonian dynamics. Furthermore, the acceleration is proportional to the gradient
(Figure 5b). Because of the brownian random motion, which persists in the presence of the gradient, there
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Figure 4: a) Mean and variance of black hole motion for a single black hole in empty space (50x50x50 universe,
computed over 11 runs with different starting locations), showing displacements in different directions for different
time increments. The essentially zero mean and linearly increasing variance with time increment are consistent with
brownian random motion. Also, motion is essentially equivalent along grid axes and off-axis diagonals, indicating that
grid effects are not a problem. b) Oscillations present in average displacement variability for small time increments,
likely resulting from the fundamental oscillation of the black hole itself.
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Figure 5: a) Black hole location in the X axis over time in a gravitational field gradient G along this axis of .03166
G per cell. This trajectory is an average over 5 runs varying only by 1 cell in the Y,Z axes from the starting point
of (10,25,25) in a (50,50,50) universe. Averaging reduces some of the variability associated with random patterns of
motion along the other axes, which persisted throughout the trajectory. b) Summary results for different gravitational
field gradients, showing a linear effect on acceleration. The two straight lines reflect linear regression fits for the
entire set of points (dashed line) and just for the fastest points for each gradient value (dotted line), while the solid
line reflects the average. The slopes of the two regression lines are similar (5.873e-7 and 6.878e-7), and it is likely
that the intercept will pass through the origin for a direct trajectory without the slowing effects of brownian motion.

is considerable variability in the measured accelerations of different runs. Each run differed only in the
starting location by one cell, again demonstrating the chaotic nature of motion.

Finally, when two black holes are placed in close proximity (i.e., within 10 or less cells), their mutual
gravitational attraction draws them toward each other, at which point they merge into a single black hole,
and produce high amplitude waves that carry off the excess energy.
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V. DISCUSSION

The results presented above demonstrate that this analog cellular automaton model of gravitation can
exhibit some of the appropriate phenomenology of gravitation. Further work is necessary to explore the de-
tailed relationship between this model and the full scope of general relativity, and to provide more detailed,
larger-scale models to compare with observed data.

One potential discrepancy between general relativity and this model concerns the computation of grav-
itational self-energy. According to general relativity, the propagation of gravitational waves contributes to
the energy that drives gravitation. When this notion was implemented in the system by computing gravi-
tational energy in the same way as wave energy, the system inevitably became unstable, producing infinite
gravity field values (even with very small scaling factors for the gravitational self-energy contribution). In-
stead of directly adding a self-energy term in the system, the propagation of time and space warping via
gravity indirectly affects the energy computed in the EM wave function, and this might be sufficient to
account for the predicted (and observed) self-energy factors of general relativity.

From a cosmological perspective, the flat underlying reference frame built into in this system may also
have important explanatory benefits, for example in providing an explanation for the otherwise somewhat
coincidental flatness of empty space (for which the controversial cosmological constant was invoked in the
framework of general relativity) — in the absence of all matter, space in the present system reflects the
cartesian flatness built into the cellular matrix.

There are other important cosmological issues raised by this model. Because space and time are primary
in this system (as compared to being created and shaped by matter as in general relativity), the natural
cosmology is one of infinite space and time — boundary conditions on either tend to beg more questions
than they answer. Instead of the big bang creating an expanding bubble of space that is the entirety of
the universe, which is natural in the general relativity framework, one could think of the big bang as the
explosion of the mother-of-all-black holes (MOAB) within a region of the infinite universe. The natural
scenario that emerges is thus one of perpetual oscillation between black hole consolidation and explosion.
Over time, all black holes within some region of the universe eventually merge into this MOAB, until a
presumed critical point is reached where it explodes and flings energy outward, allowing galaxies and black
holes to form, whereupon the process of consolidation begins anew. This dynamic avoids the problems
of uniqueness of our point in time and counteracts the effects of the second law of thermodynamics; the
MOAB restores order by concentrating everything into a small uniform blob of energy.
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